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476. 


ON THE DETERMINATION OF THE ORBIT OF A PLANET FROM 
THREE OBSERVATIONS. 


[From the Memoirs of the Royal Astronomical Society, vol. xxxvi. (1870), pp. 17—111. 
Read December 10, 1869.] 


I PROPOSE to consider from a geometrical point of view the problem of the 
determination of the orbit of a planet from three observations. The orbit is a conic, 
having the Sun for a focus; and each observation shows that the planet is at the 
date thereof in a given line. We have thus a given point or focus S, and three 
given lines, say the “rays” The orbit-plane, if known, would, by its intersections 
with the three rays, determine the three positions of the planet; that is, we should 
have the focus and three points on the orbit; or (what is the same thing) three 
radius vectors from the focus, say a “trivector.” Geometrically, through three given 
points, and with a given focus, there may be described four conics; but (as will be 
explained) there is only one of these which can be the orbit; we may therefore say 
that the orbit will be determined, and that uniquely, by means of a given trivector. 
The problem is therefore to find the orbit-plane, such that in the orbit determined by 
means of the trivector the times of passage between the three positions on the orbit 
may have the observed values; or (what is the same thing) that the orbital areas, 
each divided by the square root of the latus rectum, may have given values. If, 
instead of the orbit-plane, we consider the orbit-axis (that is, the line normal to the 
orbit-plane at the point S), or. what is more convenient, the orbit-pole, or intersection 
of the axis with a sphere about the centre S; then to a given position of the orbit- 
pole, there corresponds, as above, a determinate orbit; and the problem is to find the 
position of the orbit-pole, so that in the orbit belonging thereto the times of passage 
may have given values as already mentioned; and it is clear that the required position 
of the orbit-pole may be obtained as the intersection of two spherical curves; the one 
of them, the locus of those positions of the orbit-pole for which the time of passage 
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between the first and second points on the orbit has its proper given value; the other 
of them, the locus of those positions for which the time of passage between the second 
and third points on the orbit has its proper given value: and in connexion therewith 
we may consider other isoparametric loci of the orbit-pole; for instance, the iseccentric 
lines, or loci of the orbit-pole such that along each of them the eccentricity of the 
orbit has a given value. It is in this point of view that the problem is considered 
in the present memoir, viz., the object proposed is the discussion of the configuration, 
&c. of these loci. I consider, in the first instance, any three given rays whatever; 
but in the ulterior discussion of the spherical curves, which it is difficult to carry out 
otherwise than numerically, I have confined myself to the case of a particular symmetrical 
position of the three rays; viz. these are taken to be lines each of them at an inclination 
of 60^ to a fixed plane through S, and such that their projections on this plane form 
an equilateral triangle having S for its centre, and that each ray cuts the plane in 
the mid-point of the corresponding side of the triangle. 


The general theory as above explained is further developed in the memoir; and 
I consider the formule for the determination of the orbit, &c. by means of a given 
trivector; those relating to the determination of the trivector obtained as above by 
means of a variable plane passing through a given point and intersecting three given 
rays; and lastly, the application to the particular system of three rays already referred 
to. The Plates refer to this particular system; they are as follow: 


Plate 1. General Planogram for a single ray, 
» 2. Planogram for Meridian 90°—270°, | See Nos. 8—10 for explanation 


„ 8. Planogram for Meridian 0°—180°, of the terms Planogram and 
» 4 Spherogram for the Eccentricity, Spherogram. 
» 5. Spherogram for the Time. 


Article Nos. 1 to 14, Considerations on the General Theory. 


1. As explained in the introduction, we have a point or focus S, and three 
lines called the “rays.” The orbit-plane is any plane through S; it meets the rays in 
three points, . which are points on the orbit; and joining these with S, we have a 
*trivector. The orbit is for the present considered as in general uniquely determined 


by means of the trivector. 


2. There are certain critical positions of the orbit-plane. 


First, the orbit-plane may be parallel to one of the rays; or (what is the same 
thing) it may pass through the line through S parallel to the ray: the point on the 
ray is at infinity; or say that it is at an indefinitely great distance in one direction 
or in the other direction along the ray; and (from the particular way in which the 
orbit is selected as one of four conies) there is, as will appear (see post, No. 20), a 
discontinuity of orbit as the point passes from the one to the other of these positions. 


C. VII. 51 
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3. Secondly, the orbit-plane may be parallel to two of the rays; or (what is the 
same thing) it may pass through the lines through S parallel to these two rays; the 
points on the two rays are each at infinity; viz. each of them is at an indefinitely 
great distance in one or the other direction along the ray; and there is a discontinuity 
of the orbit as each point passes from the one to the other of its two positions. 


4. Thirdly, the orbit-plane may be such that the orbit is a right line. To see 
how this arises, observe that we may consider a system of lines meeting each of the 
three rays, and of course generating a hyperboloid; say these are the generating lines: 
there is on the hyperboloid another system of lines, say the directrix lines, in which 
are included the three rays; the point S is not on the hyperboloid. Then, if the 
orbit-plane pass through a generating line, it will meet the three rays in the points 
in which these are met by the generating line: and the orbit is, consequently, the 
generating line (described, as being a right line not passing through S, with a velocity 
=o). Any plane through S and a generating line also meets the hyperboloid in a 
directrix line; and consequently touches it at the intersection of the two lines, viz. 
it is a tangent plane of the hyperboloid. The planes in question thus envelope the 
circumscribed cone whose vertex is S; or (what is the same thing) when the orbit- 
plaue is any tangent-plane of this cone, the orbit is a right line. 


5. The only exception is, fourthiy, when the orbit-plane passes through one of 
the rays. Observe that the plane then meets the hyperboloid in another line, that 
is, a generating line, or the case under consideration is included in the third case; 
it is also included in the first case. The point on the ray in question is here not 
a determinate point, but any point whatever of the ray; the points on the other two 
rays being (as in general) determinate: the orbit is consequently indeterminate; viz. 
to any point selected at pleasure as the intersection of the orbit-plane with the ray 
contained therein, there corresponds a determinate orbit (in partieular, the selected 
point may be such that the orbit is, as in the third case, a right line); and, corre- 
sponding to the position in question of the orbit-plane, we have the entire system of 
such orbits. 


6. Consider now the corresponding positions of the orbit-pole on a sphere described 
about the centre S. It will be convenient for the moment to attend to the two 
opposite positions of the orbit-pole belonging to any position of the orbit-plane, and 
thus to regard the orbit-pole as moving over the entire spherical surface. The parallel 
through S to a ray meets the sphere in two points, poles of a great circle which I 
call a “separator;” we have thus three separators, each two meeting in a pair of 
opposite points which I call the points B; viz, these are the intersections with the 
sphere of a line through S perpendicular to the plane containing the parallels of the 
two rays. A line through S perpendicular to the plane through a ray meets the sphere 
in a pair of opposite points which I call the points A; these lying on the corre- 
sponding separator; there are thus three pairs of points A. The cone reciprocal to 
the circumscribed cone (that is, generated by a line through S at right angles to any 
tangent plane of the circumscribed cone) meets the sphere in a spherical conic which 
I call the “regulator;” this touches each of the separators at the pair of points A 
on such separator. 
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7. I say that in the first of the cases above considered the locus of the orbit- 
pole is a separator; in the second case the orbit-pole is a point B; in the third case 
the locus is the regulator; and in the fourth case the orbit-pole is a point A. 


8. In the absence of models, the spherical figure must be represented by a pro- 
jection; the stereographic projection is convenient for facility of description; and it has 
the very great advantage that we can by means of it exhibit, no matter how large 
a portion of the spherical surface. In the figures called “spherograms,” afterwards. 
referred to, the representation of a hemisphere is all that is required; but, to give a 
more distinct general idea, I annex a figure representing a larger portion of the 
surface; the data are those belonging to the particular symmetrical case referred to as 
intended to be specially considered: and the regulator conic is accordingly a pair of 
opposite small circles, the points A and B being related to it symmetrically; but, 
disregarding these specialities, the figure is adapted to the illustration of the general 


Fig. 1. 
A 


ECLIPTIC 


case (at least if the point S be situate within the hyperboloid), and it is here given 
for that purpose. The circle marked “Ecliptic” does not properly belong to the figure: 
it is added as showing the boundary of a hemisphere, so that, by omitting all that 
lies outside this circle, the figure would be limited to the representation of a hemi- 
sphere; and the orbit-pole be in every case represented, no longer as a pair of opposite 
points, but as a single point; we should have the separators each as a half circle, and 
the regulator as a single small circle; the separators would intersect in pairs, in the 
three points B, and would touch the regulator in the three points A, &c. 


9. The figure constructed as above, but omitting so much of it as lies outside 
the ecliptic circle, is the representation of a hemisphere—say of the northern hemi- 


51—2 


www.rcin.org.pl 


404 ON THE DETERMINATION OF THE [476 


sphere. It is readily seen that the central triangle BBB and the three circumjacent 
triangles BBB, represent also the half-surface of the sphere, viz., instead of the omitted 
portions of the northern hemisphere we have the equal opposite portions of the 
southern hemisphere. The adoption of this figure as the representation of the half- 
surface of the sphere has the great advantage that the spherical curves can be delineated 
without the apparent breaks which would otherwise occur at their intersections with 
the ecliptic circle: I accordingly adopt it, and call the figure in question (viz., that 
composed of the four triangles) a blank “spherogram.” We wish for any given position 
thereon of the orbit-pole to determine the values of certain parameters (eccentricity, 
latus rectum, time of passage between two rays, &c., as the case may be) belonging 
to the orbit, with a view to the subsequent delineation of the corresponding isopara- 
metric (iseccentric, isochronie, &c.) lines, so constructing a “spherogram” for any such 
parameter, or system of lines. 


10. It is for this purpose convenient to consider the values of the parameter 
corresponding to a single series of positions of the orbit-pole, viz, we consider the 
orbit-pole as describing on the sphere a curve selected at pleasure. Consider for a 
moment the orbit-plane as a material plane rigidly connected with the orbit-axis; the 
motion of the orbit-pole does not absolutely determine the motion of the orbit-plane, 
inasmuch as the orbit-plane, occupying the same position in space, might rotate about 
the orbit-axis; but if we exclude any such motion by the assumption that the motion 
of the orbit-plane is always about an exis in the orbit-plane, then the motion of the 
orbit-pole determines that of the orbit-plane, viz, the orbit-plane envelopes a cone, the 
reciprocal to that described by the orbit-axis. If then on the orbit-plane in each 
position thereof we mark, as well its line of contact with the enveloped cone, as also 
its intersections with the three rays, we obtain a figure (which may, if we please, be 
regarded as drawn on the orbit-plane in some particular position thereof) such figure 
consisting of a series of trivectors, and (belonging tó each of them) a line through S 
serving to fix the position of the trivector in space. The locus of each extremity of 
the trivector is a certain curve, and the construction establishes a point-to-point corre- 
spondence between these three curves; viz, to any point on one of them there 
corresponds on each of the other two a single point, the three points being the 
extremities of a trivector The figure would be rendered more complete by drawing 
the orbit belonging to each trivector thereof. Such a figure (with or without the 
orbits) is termed a “ planogram." 


11. The most simple case is when the orbit-pole describes a great circle; the 
orbit-plane here rotates about a fixed line, the axis of the circle, or (what is the 
same thing) the enveloped cone reduces itself to this axis of rotation; and the line 
of contact is thus a fixed line in the orbit-plane; or (what is the same thing) the 
lines through S in the planogram are here a single fixed line, the axis of rotation. 
I say that, for each extremity of the trivector, the locus is a hyperbola, having the 
axis of rotation for its conjugate axis. In fact, attending to any one ray, it is the 
same thing whether the orbit-plane be made to revolve round the axis of rotation, so 
as continually to intersect the ray, or whether, considering the orbit-plane as fixed, 
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and the ray as rigidly connected with the axis, we make the ray to rotate about this 
axis, so as continually to intersect the orbit-plane. But in this last case the ray 
describes about the axis a hyperboloid of revolution, and the orbit-plane, as an axial 
plane, meets this surface in a hyperbola having the axis for its conjugate axis; which 
hyperbola is the required locus of the trivector-extremity. It is moreover easy to see 
that if the angle of position of the variable orbit-plane, or (what is the same thing) 
the angle of position of the orbit-pole in the great circle which it describes be =g 
(where q is measured from any fixed plane or point), and if the coordinates 2 and 4’ 
be measured from S in the direction of and perpendicular to the axis of rotation, 
then the coordinates of the point on the hyperbola are expressed in the form 
a =a + atan (q +8), y =bsec (q+ B), where a, a, b, B, are constants depending on the 
position of the ray in regard to the axis of rotation: see as to this post, No. 49. 


12. Considering the orbit-pole as describing a given curve, the value for the 
several positions thereof of any parameter of the orbit may be exhibited by means 
of a “diagram,” viz, we may take for abscissa any quantity serving to fix the position 
of the orbit-pole on the described curve, and for ordinate the value of the parameter in 
question. In the particular case where the orbit-pole describes a great circle passing 
through the axis of the stereographie projection, and which is consequently in the 
spherogram represented by a diameter of the ecliptic or bounding circle, it is natural 
to take for the abscissa the distance (from the centre) of the representation of the 
orbit-pole; the diagram will then fit on to the diameter, and for any position of the 
orbit-pole on such diameter give at once the value of the parameter to which the 
diagram relates. 


13. It is right to remark that the construction of planograms and diagrams is 
merely subsidiary to that of the spherograms; the information given by any number 
of planograms or diagrams would be all of it embodied in a spherogram for the same 
parameter. And theoretically the construction of a spherogram is a mere matter of 
geometry; for a given position of the orbit-pole we construct the trivector, thence the 
orbit, and in relation thereto any parameters which it is desired to consider; and so, 
for a sufficient number of points on the spherogram, determine the value of the 
parameter, or parameters; and lay down the isoparametric lines. The construction of 
the orbit from a given trivector, and in particular the selection of the orbit as one 
of the four conies given by the trivector, has not yet been explained: in connexion 
herewith we have the discontinuity of orbit which arises when the orbit-pole is upon 
a separator, and which is a leading circumstance in the theory; until it is gone into, 
there is little more to be said in the way of general explanation as to the spherogram, 
or the isoparametrie lines thereof. 


14, It may however be noticed that for any parameter whatever, the points A of the 
spherogram are common points, through which pass in general the lines belonging to 
any value whatever of the parameter; the reason of course is that the orbit-plane 
then passing through the ray, and the orbit itself being indeterminate, the value of 
any parameter belonging to the orbit is also indeterminate. Moreover, for some 
parameters the curve belonging to any particular value of the parameter not only 
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passes through the points A, but passes through each point twice, or (whet is the 
same thing) has each of the points A for a nodal point; when this is so, then it 
is to be further observed that, for certain values of the parameters, they will be 
acnodal points, properly belonging to the curve, although there is not any real branch 
of the curve passing through the points A; for others they will be crunodal points, 
with two real branches through each; and in the transition between the two cases 
they will be cuspidal points on the isoparametric curve; it will appear in the sequel 
that this is really the case in regard to the iseccentric lines. 


Article Nos. 15 to 30. Determination of the Orbit from a given Trivector. 


15. With a given point S as focus, and through three given points, that is with 
a given trivector, there may be described four conics. This appears from the general 
theory according to which a given focus is equivalent to two given tangents; and also 


Fig. 2. 


from the geometrical construction, Principia, book 1. sect. 4; Scholium to Prop. 2 
viz. given the focus S and the points 1, 2, 3, then if 


On 23 we find a so that a2: a38=S82: S8, 
"a mE ín 5 b63:61=S8: SL 
DAR ie aren o IOTEN ss 


the points a, b, c, are each of them on the directrix, so that any two of them deter- 
mine the directrix. In the figure (as in Newton’s) the distances $1, S2, S3, are 
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each regarded as positive, but the very same construction, taking two of the distances 
each as positive and negative successively, would lead to three other positions of the 
directrix; or the construction would give in all four conics, 


16. In the figure the directrix lies on the same side of the three points; and 
the conic is thus an ellipse or parabola, or, if a hyperbola, then the three points lie 
in the same branch thereof; and it is consequently an orbit such that along it a 
body can pass through the kike points successively. The construction as varied would 
give in each case a directrix having on one side of it one, and on the other side 
two, of the three points; so that the conic would be a hyperbola having the three 
points not on the same branch thereof; consequently it would not be an orbit such 
that along it a body could pass through the three points successively. 


And it thus appears that though the trivector really determines four conics, yet 
it is only one of these in which the directrix lies on the same side of the three 
points; and this conic I call the “orbit:” the given trivector thus determines a single 
orbit. 


17. It is to be noticed however that the orbit constructed as above may be a 
hyperbolic branch separated by the directrix from the focus S, and consequently convex 
to the focus S; viz, the three points lie here in a hyperbolic branch convex to S, 
and which is therefore not an orbit which can be described under the action of an 
attractive force at S: say we have a “convex orbit.” I regard this as a real orbit, 
but the times of passage therein as imaginary, or rather as non-existent, and the case 
is thus excluded from consideration in the formule and figures which relate to the 
times of passage. 


18. The same results are established analytically in a very similar manner, viz. 
taking the focus for origin and starting from the focal equation 


r=Ar+By+C; 


then if we take (æ, wj) (Zs, Yə), (£z, ys), as the coordinates of the three given points 
and write 
= ag +y, T. 5h ٧ + ^ + yj, fy m Næ + ys ړو‎ 


we have for the determination of the constants 
n= Ax, CN By, 7 C, 
r, = Aa, + By, 4- C, 


= Ax, 十 Bys 十 C, 
and the equation therefore is 
T, 49, dy; l |= 0, 
1 1» ü , 1 1» 1 
T3; o, Yz, 1 
T3, 3; Yz, 1 
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which, attributing therein to 7, 7, rs, the signs +, — at pleasure, represents eight 
different equations: these however give only four conics, viz, we have the same conic 
whether we attribute to 7, 7, Ts, any particular combination of signs, or reverse all 


the signs simultaneously. 


19. But the focal equation r= As + By + C is precisely equivalent to the equation 


RI ET ERE‏ سه پو 
1+ecos(@—s)’‏ 


and in this equation (taking as is allowable p as positive) then if +e be = or <1, 
that is for an ellipse or parabola whatever be the value of 0— , r is always 
positive; but if +e be >1, that is for a hyperbola, r is positive for those values 
of 0— s which belong to one branch, negative for those which belong to the other 
branch, of the curve. Hence in the determinant equation, unless 7,, ^, Ts, have the 
same sign, the curve will be a hyperbola with the points two of them on one branch, 
the third on the other branch thereof But in the remaining case, when 7, 1, Ts, 
have all the same sign, or say when they are all positive, then the conic is an ellipse 
or parabola, or else it is a hyperbola with the three points on the same branch 
thereof; that is, the foregoing determinant equation, regarding therein 7i, Fs, 7, as all 
of them positive, gives the orbit. 


20. When one of the points is at infinity on a given line there is a discontinuity 
of orbit. To explain this, suppose that the point (a, y,) is situate on the line 
y=axtana, at an indefinitely great distance r, in one or the othe: direction along the 
line; viz, r, is an indefinitely large positive quantity, and we have in the one case 
S, Jı =r cosa, nsina; and in the other case m, y,— —7,cosa, —r,sin a: the corre- 
sponding equations of the orbit, putting therein ultimately r, = + o, are 


r, a, y, 1 |=0, Kr Sar ^ y» 1,20, 
1, cosa, sina, 0 1, -—cosa, —sina, 0 | 
Ta, له‎ Yz 1 fa; Lo, i,” 2 | 
Ts, Ls, % A 1s, Ls, CAE Ý ' 


which equations belong, it is clear, to two distinct conics; or as the point (a, y) 
passes from a positive to a negative infinity along the given line, there is an abrupt 
change of orbit. It is proper to remark that the two orbits are the very same as 
would be obtained by writing موه‎ y,—7,cosa, r,sina, rız= +o and r,—-— in the 
determinant equation: that is, the orbit passes abruptly from one to another of the 
four conics which belong to the position (2,1, y,), and we thus understand how the 
transition from 十 oo to — o, which is geometrically no breach of continuity, occasions 
in the actual problem a discontinuity. 


21. The same thing appears from the geometrical construction; and we derive a 
further result which will be useful. Suppose first that the point 1 is at infinity in 
the direction shown by the arrow; then drawing 2c=2S and 35 = 38S each in the 
direction opposite to S1, we have the points b, c on the directrix, which is thus the 
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line D joining these points. But if 1 is at infinity on the same line in the opposite 
direction, then instead of c, b we have the points c', b' and the directrix is the line 
D joining these points. 


Fig. 3. 


(b) 


(D) 


22. Observe that in the first case the focus S and the three points are on 
opposite sides of the directrix D, or the orbit is convex; but in the second case the 
focus S and the three points are on the same side of the directrix D’, and the orbit 
is concave, That is, the line S, does not separate the two points 2, 3, and the orbits. 
are the one convex, the other concave. 


23. But if 1 be at infinity along the line S(1) first in the direction shown by 
the arrow, and then in the opposite direction; in the first case the directrix is (D) 
not separating the focus S from the three points, and the orbit is concave; in the 
second case the orbit is (D') not separating S from the three points, and the orbit 
is still concave; here the line S(1) does separate the points 2, 3, and the orbits are 
both concave. 


24. And we thus see in general that as the point 1 passes from a positive to 
a negative infinity along a line passing through S; then, according as the line 
through S does not or does separate the remaining two points 2, 3, the orbits corre- 
sponding to the two positions of 1 are the one convex, the other concave, or they 
are both concave. 


25. The points 1 and 2 may be each of them at infinity along a given ray; we 


have here in a similar manner z,, y, =7, COS به‎ r, sina;, or else ——7,cosa, —7, sin &, 
where « is an indefinitely large positive quantity; and a, Ys = T, COS وه‎ r,sin as, or else 
C.. VIX. 52 
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一 一 入 COS @, —r,sina,, where r, is an indefinitely large positive quantity. And writing 
ultimately 7,=+0, 7,=+%, the equation of the orbit is obtained in the form 


r, eS NET EL" 
1, +tcosa,, +sina,, 0 
1, +cosa,, +sina, 0 
Ts; dmt Iam E 


where the + of the second line and the + of the third line have each of them the 
value + or — at pleasure. There are consequently four distinct orbits, corresponding 
to the combinations of each of the two directions of the point 1 with each of the 
two directions of the point 2. And it is moreover clear that these are the very conics 
which are obtained from the determinant equation by writing therein x, y,—7,cos مه‎ 
rı Sin ûj روه‎ j,—T5C080,, "T,Ssln a, and r= +00, —00; r= + oc, = © successively; viz., 
the orbit changes abruptly between the four conics which correspond to the given 
position of the points 1, 2, 3. 


26. The geometrical construction is very simple indeed; viz., measuring off from 
3 in the directions S1, 2, and in the opposite directions respectively, a distance 
=S3, we have four points, the angles of a rectangle; and joining these in pairs, we 
have the four positions of the directrix: the figure shows at once that the orbits are 
three of them concave, the remaining one convex. 


27. The determinant equation obtained for the orbit is an equation of the form 
r= Axæx+By+C; 


and it is clear that the equation of the directrix is Av+ By+C=0. By what 
precedes, this line will lie on the same side of the three points; viz., either it does 
not separate them from the focus, and the orbit is then concave, or it does separate 
them from the focus, and the orbit is then convex. Although in general the sign of 
C is no criterion (for the equations r= Az-- By--C and r=— Avz— By —C represent 
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the same curve) yet in the present case it is so; for, observe that, in taking 7, 72, 7, 
each of them positive, we make r to be positive for the orbit, that is, for the entire 
curve if an ellipse or parabola, but for the branch containing the three points if the 
curve is a hyperbola. Hence, considering the radius vector through S parallel to the 
directrix, this is positive for a concave, negative for a convex orbit; or writing 
A» +By=0, we have r=C positive for a concave, negative for a convex orbit; 
wherefore the orbit is concave or convex according as C is positive or negative. 


28. Comparing the equation with 
"=e )۵ cos a+ ysin aw) + a (1 — e), 
we see that the eccentricity and semiaxis major, taken to be each of them positive, are 


+C 


e A.B, a= Tp 


(+C or —C, according as e« 1 or e>1); and inasmuch as the focus and directrix 
are known, there is no ambiguity as to the position of the orbit: it may be added 
that the coordinates of the centre are given by 


(4*—1)« - AB y+ AC — 0, 
AB æ+(B: —1)y- BC =0, 


that is, we have for the coordinates of the centre 


uui A u BC 
= سح چک‎ BY Iie 
and thence also 
٧ 24 276 


Fis pity پګه‎ A 
for the coordinates of the other focus. 


29. But to effect the comparison rather more precisely it is to be observed that 
a, e being positive, then for a concave orbit, if X be measured from the focus in the 
direction away from the directrix, we should have 


r=eX +a(l— eë) 
(+ for the ellipse, — for the hyperbola, so that + a (1 — e) is positive): whence 


Aa 4 By id Meo 
Vm mmm 


e=VA°+B, X 


(by what precedes, C is = +, so that the formula gives as it should do a= +). 


And similarly for a convex orbit, if X be measured in the direction towards the 


directrix, we should have 
r=eX —a(e—1); 
52—2 
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whence 
A UR As + By 一 CO 
i 2 Lis Jð ولنم لد کو و‎ 
e=V A? + B», E oppo O= Fay ROT’ 
where by what precedes C is =—, and the formula gives as it should do a=+. 


30. It is not necessary for the purpose of the present memoir, but I notice an 
elegant form of the polar equation of the orbit belonging to a given trivector; viz., 
taking (r, 0) as polar coordinates, and therefore (rı, 01), (r4, 9), (73, 93), as the coordinates 
of the given points, the equation of the orbit is 


1 sinj(0 — @)sin 4 (Ø - 0%) 


+: cw 
r “r, ` sin} (ð, — 0) sin 4 (0, — 8;) ` 


In fact, it is clear that this is an equation of the form 


~=(@ B, y) (sin 40, cos $4); 
that is of the form 
= =X cos Ø + p sin 0v; 


and that it thus represents a conic with the given focus; and moreover that the 
equation is satisfied by writing therein (r, 01), (ra, Ø), or (73, 43), in place of (r, 0); 
that is, the conic passes through the three given points. The foregoing remarks as 
to the signs of Fı, 7, و‎ apply without alteration to this polar equation. 


Article Nos. 31 to 41. Time Formule; LAMBERTS Equation. 


31. Suppose for a moment that the orbit is an ellipse; as the ellipse may be 
described in either direction, the time of passage between any two points, l to 2, or 
2 to 1, indifferently, may be regarded as positive. With only two points 1, 2, we 
might pass, say from 1 to 2, in either direction along the ellipse, and the time of 
passage would have ambiguously either of two positive values. In the case however 
where we have on the ellipse three points, l, 2, 3, this ambiguity is avoided; viz, it 
is assumed that the passage between any two of the points is along the elliptic arc 
which does not contain the third point; the three times of passage are thus all of 
them positive, and their sum is equal to the periodic time, or time of describing the 
entire ellipse. 


32. But if the orbit be a parabola or concave hyperbolic branch, then, if the 
points taken in their order of position along the orbit be 1, 2, 3, we have in like 
manner a positive time of passage between 1 and 2, and also a positive time of 
passage between 2 and 3; but, inasmuch as there is no passage between 1 and 3 
except through 2 (which mode is excluded from consideration), I say that there is no 
time of passage between 1 and 3; and so consider only two times of passage; viz. 
between 1 and 2, and between 2 and 3. 


33. In the case of a convex hyperbolic branch, since this cannot be described under 
the action of an attractive force, there is not any time of passage to be considered. 
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In the transition case of a right line not passing through the focus, since, as 
mentioned, the velocity is infinite, if the order of the points on the line is 1, 2, 3, 
the times of passage from 1 to 2 and from 2 to 3 are each =0; and these are the 
only times of passage which are to be considered. 


34. The preceding conventions are of course to be attended to in the application 
of any formula to the calculation of the times of passage between given points of 
the orbit; in the case of a parabolic or hyperbolic orbit we have only to ascertain 
which are the two times of passage to be calculated; but, in the case of an ellipse, 
we must take care that the time of passage between each two of the three points is 
calculated along the are not containing the third point; viz., it is in some cases to 
be calculated through the angle <m between the two radius vectors, and in other 
cases through the angle >a between the two radius vectors; or, more simply, the time 
to be calculated is sometimes the longer, and at other times the shorter time of passage. 


35. For the purpose of the present memoir the unit of time is so fixed that 
the periodic time in a circle radius 1 shall be equal 3. The period in a circle or 


ellipse, radius or semiaxis major =a, is thus =3a?, and generally 


s 3 Area 
Time ES cT tate ee G 
m N} latus rectum 


The time formule are first the ordinary ones in which the time from pericentre 
is expressed in terms of an angle (the eccentric anomaly for an ellipse or hyperbola, 
true anomaly for the parabola); secondly, Lambert’s formule, in which the time between 
any two points on the orbit is expressed by means of the two radius vectors and the 
chord. 


36. The first set of formule may be written: 


Ellipse. u, the eccentric anomaly from pericentre, viz. «=a (cos u— e), y= av 1—e?sin u, 
if æ, y, are the coordinates from the focus, æ measured in the direction towards the 
directrix. 


Time from pericentre — — al (u — e sin u). 
TT . 


Parabola. 6, the true anomaly, viz, r =p sec? } 0, if p be the pericentric distance 
or }-latus rectum. 
| 3 


3 
Time from pericentre = 2 Js (tan 4 0 + 3 tan? + 0). 
Hyperbola; concave branch. wu, the eccentric anomaly from  pericentre, viz., 


x = 0 (sec u — e), y= a Ve — 1 tan u, if a, y are the coordinates from the focus, æ measured 
in the direction away from the directrix. 


Time from pericentre = = {e tan u — hyp. log tan (17 + $ u)}, 


and by taking the sum or the difference of two of these expressions, we obtain the 
time of passage between two given points of the orbit. 
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37. I remark that as to the elliptic and parabolic orbits, I have preferred using 
Lambert's equations, and I should have done the same for the hyperbolic orbits, but 
for the absence of a table (see post, No. 39). As it is, for the few hyperbolic orbits 
which it was necessary to calculate, I have used the foregoing formula(?): a table of 
hyp. log tan ($ 7 + 3 wu), u=0° to 4 —907, at intervals of 30' to 12 places of decimals, with 
fifth differences is given, Table IV. Legendre, Traité des Fonctions Elliptiques, t. I1. 
pp. 256—259. 


38. The other set of formule may be written: 
Ellipse. v, 7’ the radius vectors, y the chord. 
2a cosy —2a —r —7' — y, 2a cos X = 2a —r— r +y. 
Time — t د‎ (y — y sin y + sin y) 
= $a KX X t sin x’). 
Parabola. r, 7’, y, ut supra; 
1 1 ^ 1 3 
Time = FT ((r + r" + yÊ — (r0 yË}. 
7 
Hyperbola. 
2a cosh xy = 20 +r +7" + y, 2a cosh x’ = 2a +r +r — y. 
. 3 2 n . . 7 
Time = az, 9 E ha t sinh x — sinh y’), 
where cosh, sinh, denote the hyperbolic cosine and sine of x, viz.: 
cosh x = 4 (ex + e), sinh y = (ex — ex). 


39. The logarithms (ordinary) of the functions cosh y, sinhy, and of tanh y are 
tabulated by Gudermann, Crelle, tt. VIII. and 1x. from x = 2:000 to x = 800 at intervals 
of ‘001 and subsequently of ‘01 to eight places of decimals. I do not know why the 
tabulation was not commenced from x —0, but the omission from them of the values 
0 to 2 rendered the tables unavailing for the present purpose, and I therefore, for the 
hyperbolic orbits, resorted to the first set of formule. 


40. As regards the elliptic formule it remains to be” explained how the values 
of x, x are to be selected from those which satisfy the required conditions 


2a cos y = 2a —r—1' — y, 2a cos y = 2a —r —1' + y. 


It is remarked in Gauss’ Theoria Motis, p. 120, that x is a positive angle between 
0° and 360°; x a positive or negative angle between +180°, — 180°, viz. x’ is positive 


! I rather regret that I did not use the foregoing formule in all cases. 
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or negative according as the angle between the two radius vectors is < 180^ or >180°. 
This determines x’, but it is said that x is really indeterminate; viz. it is so if only 
the values r, 7’, y, a, are given, for there are then two orbits in which these quantities 
have their given values, and the times in these have different values. But when, as 
in the case here considered the orbit is known, y will of course have a determinate 
signification, and it is easy to explain how this is to be fixed. I observe, in the first 
place, that if y=7 we have y= (2a — r) + (2a — r’), that is, the chord y passes through 
the other focus of the ellipse. The criterion thus depends on the position of the two 
points on the ellipse in relation to the other focus, and it is easy to see that it is 
as follows: viz. let the time between the points 1, 2, on the ellipse be understood 
to mean the time of passage from 1 through apocentre to 2; then I say that, in the 
preceding formula 


. 3 a , . . , 
Time a hy a a دز‎ —sin y+ sin x’), 


x will be <180° or >180° according as the chord from 1 through the other focus H 
does not or does separate the point 2 from the focus b. 


41. It is hardly necessary to remark that in the application of the formule, 
x, X must be reckoned according to their lengths as circular arcs to the radius unity: 
a table for the conversion of degrees and minutes to such circular measure, is given 
in most collections of Trigonometrical Tables. 


Article Nos. 42 to 45. Formule for the Transformation between two sets of Rectangular 
Axes. 


42. Consider an arbitrary set of fixed rectangular axes, Sx, Sy, Sz, which are con- 
sidered as intersecting the sphere, centre S, in the points X, Y, Z, and so the axes 
Sx, Sy’, Sz, afterwards defined are considered as intersecting the sphere in the points 
X’, Y’, Z. For convenience Sx is considered as an origin of longitudes, which are 
measured in the plane of zy in the direction towards y; and an angular distance 
from Sz is termed a polar distance or colatitude; so that the position of any line 
through S, or point on the sphere, will be determined by its longitude b and colatitude c. 


43. It is wished in the sequel to made the orbit-pole revolve about an arbitrary 
line Sz’, and for this purpose I take the new set of rectangular axes, Sw’, Sy’, Sz, 
or points on the sphere X”, Y’, Z', as follows, 


X’, longitude G, colatitude 90° + N. 


Y'Z, is then a great circle, pole X’, meeting ZX’ in a point II, longitude G, colatitude 
N, and the position of Z’ in this great circle is fixed by its distance from II, UZ’ — H, 
the distance of Y’ being IIY'- 90° +H, and these being each of them reckoned from II 
in the direction of longitude X to Y. The position of the new axes Sa’, Sy, SZ, 
or points X’, Y’, Z’, is thus fixed by means of the three angles G, N, H. 
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It is to be added that if the angle X’ZZ’ is called g, and if b, c, are the 
longitude and colatitude of Z’, then we have sin N = cotgtan H, which gives q, and 
then 

b=G+q 


cos c = cos N cos H. 


Fig. 5. 


P. ó 
44, The transformation-formulæ between the two sets of axes are at once found to be 


X Y Z 


X' cos G cos N sin G cos V — sin V 
Y' | —sin G cos H — cos G sin H sin N cos G cos H — siu G sin H sin X — sin H cos V 
Z | — sin G sin H + cos G cos Hsin N cos G sin H + sin G cos H sin N cos H cos N 


| 
| 


which are for shortness represented by 


X Y | Z 
y Á B å 
r a 8 T 
Z' a" p" y 
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45 In the particular case where Sa’ is in the plane of zy, N=0; II coincides 
with Z, and the longitude and colatitude of Z' are b=G+90°", c=H. Writing 
accordingly in the formula N = 0, and introducing b, c in the place of G, H, the 
formule become 


| X Y Z 

| 4 UL 
P ud sin b — eos b 0 
F cos b cos c sin b cos c — sinc 


Z eos 6 sin c sin b sinc cos c 


and in particular if c=0, (SZ here coincides with Sz, and the axes Sz’, Sy’, are in the 
plane of æy) then we have simply 


X y Z 
Æ sin b — cos b 0 
E cos b sin b 0 
Z 0 0 1 


Article Nos. 46 to 60. Application to finding the Intersection of the Orbit-plane by a 
Single Ray. 


46. The equations of the ray referred to the fixed axes are taken to be 


v> À y—Biwpac 


f g h 


or, what is the same thing, 


, = R suppose, 


c= A+ RE, 
y — B + Rg, 
e =U + Eh, 


and if in the foregoing formule the point Z' is taken to be the orbit-pole (longitude 
b—G--90*, and colatitude c= cos? cos Woeos as above) then the equation of the 


C. VII. 53 
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orbit-plane is 2 — 0. We have therefore merely to transform the equations of the ray 
to the new axes by writing for æ, y, z, the values 


PE 


an + ay + a 2, 
Br + B’y'+ 8'7, 
ya m yu +yz, 
and then putting z = 0, we find 4', y', the coordinates in the orbit-plane of its inter- 
sections with the ray. 
47. The equations thus become, 
aw +a y —A-— Rf =0, 
Ba' + B — B — Rg =0, 
yu +yy — C — Rh =0, 


or, what is the same thing, we have 


d UT D 
e 1 uS 2 
D uo UE ou a AL, MA a IL A CHAT VC SEL 
p 5g B B, 8,g B B 8, g B B B, g B 
p y, h, € y, Y, h, EC y, Y, h € ۷۰ Y, h € 
- doe rüse - ر دوا نې‎ ri Pea: لی‎ uo dg vue fosa uw 
B,g B B, g, B B, B, 8 g B B 
y, h, C 4 dU wy. h y, y 


In these formule we have identically 
By M B's, ya "li y'a, 3ه‎ ph a’ B - a", pg", y”, 
and if we write moreover 


a, b, e =Cg—Bh, Ah-Cf, Bf— Ag, 


(whence identically af + bg + ch = 0, and where (a, b, c, f, g, h) are the “six coordinates” 
of the ray), then we have the very simple formulæ 


e MER LONE 
= (a, b, ce, BY, v): — (a, b, ea, B, y): (4, B, Cha’, BY ¥): (f g, hia”, B^, v), 


or omitting (as not required for the present purpose) one of the proportional terms, we 
have 


E y : 1= (a, b, ca, B, y) زا سو‎ b, cha, B, y) : (f, ge hija, B", y”), 


which are the required expressions for the coordinates. 
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48. Consider in the equations just obtained the axis of z' as fixed but H as 
variable; that is, let the orbit-pole Z’ describe a great circle about the fixed pole X’ 
(longitude G, colatitude 90° + N). We have «', y’, 1, proportional to linear functions of 
sin H, cos H ; viz, writing for shortness 


X, = — asin G + b cos G, 
X, =(—a cos G — b sin G) sin N — c cos N, 
Y, = (— a cos G — bsin.G) cos N + c sin N, 
W.=( f cos 0 +g sin G) sin N +h cos N, 
W, =(— f sin G+ g cos G), 


we have 
Pi X, eos H + X, sin H 
` W.cos H + W, sin H’ 
+B! |f 
AT W.cos H + W, sin H^ 
49. I write 
W, (41 |, A M 
y, =m A, Ym A, 
= f j ib aie Gad oca غو‎ 
V2 \ sm 
Z- =< sin A + cot 8 cos A, 


equations which determine m, A, J, ð, viz., we have 


dwn Wa M= — 
W, , MIT" + We ? 


Xc cos A + X,sinA — 1 
l=m WA د‎ NEL dms — Wè- + W; (X, W, + X: Ws), 
— X,sin A 4- X cos A _ 1 
) کح په مه د‎ ai X,W,- X,W, 
a Y, OY. ۲٣و‎ » 


and we then very easily find 
æ' —l--m cot ó tan (H — 
y = m sec (H — 
and thence also 
y^ — (a — Dy tan? ۵ = v; 
viz. the orbit-plane revolving about the fixed axis SX’, meets the ray in a series of 
points forming in the orbit-plane a hyperbola having the line SX’ for its conjugate 


axis. 


53—2 
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50. As already remarked (ante, No. 11), this hyperbola is nothing else than the 
intersection of the orbit-plane regarded as fixed, by the hyperboloid generated by the 
rotation of the ray about the axis SX’. And we thus see the interpretation of the 
constants, viz. ' 


l is the distance from S along the axis SX’ of the “arm,” or shortest distance 
of SX' and the ray. 


m is the length of this arm. 
8 is the inclination of the ray to the axis SX’; 


and for the remaining quantity A, imagine parallel to the ray a line through S 
meeting the sphere in Æ (L is the pole of the separator) I say that A—H is the 
angle LX'Z': or (what is the same thing) drawing X'L to meet IIZ'Y' in A, we have 
IIA—-A-H ZA, or (what is the same thing) ZA =A -— H. 


51. 'To verify this, observe that the cosine distances of L from X, Y, Z, are as 
f:g:h; and thence its cosine distances from X’, Y, Z, are as (f, g, hija, B, y): 
(f g, hija, 6: y):(f, g, hia", 8", y"); say, for a moment, as f' : g' : h'. 


Now LA is the perpendicular from L on the side Y'Z' of the quadrantal spherical 
triangle LY'Z', and we thence have 


= EAD = van AZ' = tan (A — H), 


if A has the geometrical signification just assigned to it. But this equation is 
g cos (H — A) + h'sin(H — A) =0, 
that is 


g' cos H +h’ sin H 


Vine REL TT K ood 


or substituting for g', h' their values, the numerator is 


f (a cos H + a” sin H) + g (8' cos H + 8” sin H)+h ) cos H +y” sin H), 
which is 
= —fsin G --gcos G, = Ws, 
and the denominator is 
f (— « sin H + 4" cos H) + g (— 6' sin H+ 8" cos H ) +h (— له‎ sin H + y” cos H), 


which is 


= (f cos G + g sin G) sin N +h eos N, = W,, 


so that the formula becomes 


tan A= W, 


? 


3 


which is the original expression of tan A. 
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52. We might in the equations 
a:y¥:1= (a, b, cha’, B', y): — (a, b, cha, By) : & g, hija, gu) 


consider for instance G or WN as alone variable, and then eliminate the variable 
parameter so as to obtain a locus; but the results would be complicated and the 
geometrical interpretations not very obvious. 


53. I assume (as was done before) V=0, G=b-—90°, H =c, that is, the position 
of the orbit-pole Z’ is longitude b, colatitude-c, and the axis SX’ is the line of nodes 
or intersection of the orbit-plane with the ecliptic, viz, the longitude of this line is 
=b—90°. 

The formule become 


u / 


gor ls (a cos b + b sin b) cos c — c sinc 
: — asin b + b cosb 
(f cos b + gsin b) sin c + h cosc. 
or if these are 
, Xe cos c + X, sinc 
^ W,cosc+ W,sinc' 


K, 


yc d 0 
Y 11,608 c + Wsin c’ 
the values now are 


X. = acosb-b sin b, 
2, =C, 
Y, ——a sin b + b cos b, 
W= 
W,= f cos b + g sin b, 


and thence forming as before the values of tan A, J, m, cot 8, and putting for shortness 
VWe+ We, =h? + (f cos b + g sin b}, =Q 


we find after some easy reductions 


f AM 
tan A =; cos b +f sin b, 


m = Û (— asin b + b cosb), 


1 = d (ah — cf) cos b + (bh — cg) sin D], 


1 


cot 6 = OF, 


(— asin b + b cos b) (— f sin b + g cos b), 


= 4 (— fsin b + g cosb), 
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and with these values 
æ =I+mcotð tan(c— A), 


/ 


y = m sec (c — A), 
and thence 
y^? — (a' — lY tan? 8 = m?, 


viz, this is the hyperbola obtained by rotating the orbit-plane about the line of nodes, 
longitude 5 — 90°. 


54. Imagine the orbit-plane (having upon it the hyperbola) brought by such 
rotation into the plane z=0, or plane of the ecliptic, so that the hyperbola will be 
a curve in this plane, the inclination to Sæ, or longitude of the axis Sw’, being of 
course =b—90°. Transforming the equation to axes Sæ, Sy, we must write in the 
equation 

w = æ sin b — y cos b, 
y = æ cos b + y sin b, 
and the equation thus becomes 


(æ cos b + y sin b? — (æ sin b — y cos b — D? tan? 6 = aw. 
55. It will be recollected that the equations of the ray were 


2 一 4 y-B z-C. 


f g «s 
writing herein z= 0 we find 
f b 
viuis E 
f a 
ون‎ E SAI AD tone 


and it is clear that this point (£ سه و‎ 3 should lie on the hyperbola. 
Substituting for (z, y) the values in question, we have first 
b sin b + a cos b — hl 
= a; te + (feos b + g sin b?) (b sin b + a cos b) — h (ah — cf) (cos b + (bh — cg) sin b)} 


= {(f cos b + g sin bY? (b sin b + a cos b) + (f cos b + g sin b) ch} 
= j; (fcosb+gsin b) ((f cos b + g sin b) (b sin b + a cos b) + ch (cos? b + sin? b)} 


= (y (f cosb + g sin b) (— a sin b + b cos b) (F sin b — g cos b); 
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or observing that 
-Q 


hd T RETA A 


we have 


(b sin b + a cos b — hl) tan 8 == Û (f cosb + g sin b) (= a sin b + b cos b); 


and hence the result of the substitution is at once found to be 


(—asin b + b cos b e: — a sin b + b cos b} (g sin b + f cos b? 
OF 5 


h? (— a sin b + b cos by. 


=m, = 02 j 
viz, the factor (— a sin b + b cos b} divides out, and the equation then becomes 
1 : : h? 
1 一 qi; (g sind + f cos b? = Qe 


that is 
Q? = h? + (g sin b + f cos b}, 


which is in fact the value of 02. 


56. I seek for the direction of the hyperbola at the point (s وا‎ h) in question. 
We have 
dæ : dy = (b cos b — a sin b) sin b + cos b tan? ð (b sin b + a cos b — hl) 
: — (b cos b — a sin b) cos b + sin b tan? ð (b sin b + a cos b — hl), 


and from the above values of (bsinb+acosb— hl) and tan 6۵, we have 


g sin b -- f cos b 


CERE M Rd casein lð 


(—asinb+b cosb); 

whence 

dæ :dy-  (bcosb—asinb)sin b (f sin b — g cos b) + (g sin b + f cos b) cos b (— a sin b + b cos b) 
: — (b cos b — a sin b) cos b (f sin b — g cos b) + (g sin b + f cos b) sin b (— a sin b + b cos b), 


which, multiplying out and reducing by means of the relation af + bg + ch = 0, becomes 
dx : dy = (— asin b + b cos b) (sin? b + cos? b) f : (— asin b + b cos b) (sin? b + cos? b) g ; 
that is 


which shows that the hyperbola, at the point (2: - h) where it meets the ray, touches 
the projection 
ab. MB سار‎ 


f : 
of the ray on the plane of wy, which contains the hyperbola. 
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57. We may consider various particular forms of the hyperbola y^ — (a' — TY tan? ð = m. 
1°. If tané=0, the hyperbola is the pair of parallel lines y? = 


This can only happen if h =0, fcosb + g sin l= 0. The first equation gives af + bg =0, 
whence tan b=— a : ; we have thus m= m = Q which is consistent with 


m finite. The equations show that the ray is parallel to the line of nodes. 


29% If tanó—oo, the hyperbola is (x’—Jl)?=0, viz, the line x= twice: the 
condition is —fsin bt gcosb=0; viz, the ray (not in general cutting the line of 
nodes) is at right angles to the line of nodes. 


3% If m=0, the hyperbola is the pair of intersecting lines y? — (w — l} tan? 8. The 
condition is — asin b + b cosb =0, signifying that the ray cuts the line of nodes. 


4°, We may have simultaneously tan 8= oo, m=0. The hyperbola (as in 2°) is 
(x —l}=0. The conditions are —fsin b + g cosb = 0, — a sin b + b cos b = 0, whence 


b 


tan b = E = , and therefore also ag—bf=0; these signify that the ray cuts at right 


اع 


angles the line of nodes. 


The line 2'—/ passes through the point (F: - F). that is, we ought to have 


hl? = a? + b. The value of / is in the first instance given in the form 


= 0 {(ah — cf) cos b + (bh — cg) sin b}, 
where 
Q? = h? + (fcos b + g sin b? =h? + f? + g? — (— fsin b + g cos b? = f? +g? + کا‎ 


But observe that the equations 


ag — bf = 0, 
bg + af = — ch, 
give 
/ په‎ aal. lh Pade i ` 
` a? + b? ? 8 = 24 be , 
and thence 
h? (a? + b? + c?) 
ee 2 3175 کے‎ Y EI D d 
OF = f? +g? +h h (1 + Fin) Se, 
a? + b? مې‎ a 
ah — cf = ah 一 一 一 Fr = 7 Q 
4, PHPH C» 
consequently 


1= وچ‎ (a cos b+bsin b) Q? = h T hoon b + b sin b) = 1 ard b?, 
which is right. 
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58. I return to the equation of the hyperbola written in the form 


(æ cos b + y sin b} — (æ sin b — y cos b — D? tan? ð = m? ; 


being (as was shown) a hyperbola passing through the point a -&) where its plane 


is met by the ray, and touching at this point the projection dee IS 

If in the equation we consider b as variable, we have a series of hyperbolas, viz., 
these are the intersections of the plane of zy with the hyperboloids of revolution 
obtained by making the ray rotate successively round the several lines æ cos b + y sinb = 0 
through the focus S. And, as just seen, these hyperbolas all of them touch at (2. ۹ 
the projection of the ray. 


59. The hyperbola to any particular angle b is the hyperbola belonging to the 
ray, in the planogram for an orbit-plane rotating about the axis xcosb+ysinb=0; 
so that the system of hyperbolas would be useful for the construction of any such 
planogram. And there is another series of curves which, if they could be constructed 
with moderate facility, would be very useful for the same purpose; viz, reverting to 
the equations 

& :y :1=  (acosb+bsin b) cosc—csinc 
: — asin b + b cos b 


(f cos b + g sin b) sin c + h cos c, 


which determine in the orbit-plane the coordinates a’, y' of the intersection thereof with 
the ray: imagine as before that the point is marked on the orbit-plane, and let it by a 
rotation of the orbit-plane be brought into the plane of zy; so that x, y’, will be 
the coordinates in the direction of and perpendicular to the line of nodes of a point on 
the hyperbola y^?— (x' — l? tan? 8 = m, or (æ cosb + y sin b? — (æ sin b — y cos b — D? tan? 8 = m?, 
viz, of the point corresponding to an orbit-pole, colatitude c. Suppose that v, y, are 
the coordinates of this same point referred to the fixed axes, we have 


æ= a sinb +y cos b, 
æ = — a! cos b + y’ sin b, 
and thence 
æ:y:1= ` (acosb+ b sin b) sin b cos c — c sin b sin c + (— a sin b + b cos b) cos b 


: — (a cos b + b sin b) cos b cos c + c cos b sin c + (— a sin b + b cos b) sin b 


(f cos b + g sin b) sin c + h cose, 


the coordinates of the point just referred to. Now, if from these equations we could 

eliminate b, we should have a series of curves containing the variable parameter c, 

intersecting the series of hyperbolas; and thus marking out on each of these hyperbolas 

the points which belong to the successive values of the parameter c; we should thus 

have in the plane of zy the point corresponding to an orbit-pole longitude b and 
C. VII. 94 


www.rcin.org.pl 


426 ON THE DETERMINATION OF THE [476 


colatitude c. The series of curves in question may be called “graduation curves," viz., 
they would serve for the graduation of the hyperbola in the planogram for an orbit- 
plane rotating round any line #cosb+ysinb=0 in the plane of zy. But the elimination 
cannot be easily effected, and I am not in possession of any method of tracing the 
series of curves. 


60. I remark that from the equations 


æ' :y:1=  (acosb + b sin b) cos c — ce sin c 
: — asin b + b cos b 
(f cos b + g sin b) sin c + h cos c, 


we may without difficulty eliminate b; the result is, in fact, 
[z (— ah cos c) + y’ (— bh cos? c — cg sin? c) — ac sin c]? 
+ [z ( bh cos c) + y' (— ah cos? c + cf sin? c) + be sin c]? 
= [x ( chsinc)-y'( ag — bf) sin c cos c + (a? — b?) cos c]?, 


a conie; but the geometrical signification of this result is not obvious and I do not 
make any use of it. 


Article Nos. 61 to 63. The Trivector and the Orbit. 
61. Considering now the three rays, these are determined by their six coordinates, 
(b, Way. far رور‎ DU 
(85; Dar Cos f, gi, Mas 
(as, bs, Cs, fs, gu hj) 


respectively ; and the به سپاو‎ with the orbit-plane are given by 


Ly : WW : 1 = (a, 》 b, ea, B, y) er (a, bi, aya, B', y) : (f, Zi» h ja", E. y^), 
وله‎ : Yo : 1 #7 (az, bs, Co) » ) RC (as, ba; c2 » ) : (fs, gs; hj » 7 
Ls, : ys : 1 = (a5, bs, A » ) erint (as, bs, e; » ) : (fs, 23, haf » ), 


where the axes Sz’, Sy’, are an arbitrary set of rectangular axes in the orbit-plane; 
or where, as before, the axis Sx’ may be taken to be the line of nodes. 


There is no difficulty in finding the equation of the orbit. Writing r,— Vas +y’, 
we have 
its 


Ë, gi hie BY YY 


T, = 


u, = x V[(a b, ea, E, y) +a b, abe, B vB 
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the sign being taken in such manner that 7, shall be positive; viz, the sign must 
be the same as that of (fı, gı, لاط‎ ' B”, y") And we have the like formule for 
r„ and r}. Substituting these values, the equation of the orbit becomes 


a x $ y ‘ 1 = 0, 
u, (à b, eda, 8, ¥), —(a, b, ate, By), (f, go hie”, 8", y^) 
te, Oed k NO eee X لوا وم ما‎ m ) 
Us (A Bs, 60  » b, Gv `. Lh (sg. hs » ) 


62. Considering the minor determinants formed with the terms under the 'ه‎ and y, 
for instance 


(a, bi at, ^, y). — (as, br, eda, B, y) 
+ (à, b, ae, 8, y). (a, Ds, cala, B y) 
this is 
= (bie; — bacı) (BY — 8'y) + (Cra — (ږدیت‎ (ya — y'a ) + (ab. — a,b) (a8' - a'8) 
= a” (bic, — b.c) + 8" (c, ax — ca) + y" (a, bs — امه‎ 
or, what is the same thing, 


= (bie, — bC 0182 — C231, a; b, — a,b; a”, B y”) ; 


with the like expressions for the other two minors. And we thus obtain the following 
developed form of the equation, viz. 


{x (a, b, aXe, B, y) +y (a, Dı, aXe’, 8, y) [7 (f, gs, ha^, 8", y”) 

+ Us (f, gs ha^, 8", y")] 
+ [x (a, be, GÝ 2 ) HY (à be, Co »  Ji-wv(f. g. my » ) 

+U (fs, gs hj ٨ )] 
+ {v (as, bs, oY n» ) +y (as, bs, ه٢‎ » )Ji-u(fg.hi » ) 

+ U» (f, 81» hij » )] 
+ (be; — ,ينا‎ Czas 一 653, a,b; — ab, ja”, BY, y") [r (fx, g, hia, 8^, y") — w] 
+ (be 一 bics，csa — Cias, ab, — a, bs Ó - )r(£, ge, hg 1 ) — uy] 
+ (bie, — را ونا‎ C14, — Coah, a, b — a,b, Ó Ü dir ds, gs, bs¥ 4 )— = 0, 


being an equation of the form Qr= Aw’ + By + C. 


63. The coefficient of r is a quadrie function of (a^, B”, y"), and if this vanish 
the orbit is a right line. It thus appears that the orbit wil be a right line provided 
only the orbit-axis be situate in a certain quadrie cone, or (what is the same thing) 
the orbit-pole be situate in a certain spherical conie: agreeing with a preceding result, 
viz. the cone is that reciprocal to the cone, vertex S, circumscribed about the hyper- 

54—2 
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boloid which contains the three rays. And we see that the equation of this reciprocal 
cone is 
a B. y” m 0. 
(h, ge» بط‎ B y^) a, b, » C1 | 
| (f, g» ha ¥ » ) ,وه‎ b, , Cg 
| (f, gs; hs » p 8; Dy o0 | 


Article Nos. 64 and 65. The Special Symmetrical System of three Rays. 


64. In what follows I consider the three rays forming a symmetrical system as 
already referred to: viz. the three rays intersect the plane of the ecliptic at points 
equidistant from S at longitudes 0°, 120°, 240^; each of them is at right angles to 


Fig. 6. 


the line joining S with the intersection with the plane of the ecliptic, and at an 
inclination = 60^ to this plane: the figure shows the projection on the plane of the 
ecliptie of the portions which lie above this plane of the three rays respectively. 


The three rays lie on a hyperboloid of revolution having the line Sz for its axis; 
the circumscribed or asymptotic cone vertex S, is a right cone of the semi-aperture 
—30^; the reciprocal cone is therefore a right cone semi-aperture 60^, or (what is the 
same thing) the regulator is a small circle, angular radius 60°, and the regulator and 
separators have the positions shown in fig. 1, see No. 8. 


Taking $1—2,92—5$3-1, and writing down the equations of the three rays in the 
forms 


æ— i 1 y 8٨ 2 
0 T 1 ~ tan 60°’ 
æ + cos 60"  y—sin60 2 
— sin 60° — cos 60° ` tan 60°’ 
æ +cos 60° _y+sin60°  z 
sin 60° ^ —cos60° ` tan 60°’ 
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we obtain the six coordinates of the three rays respectively 
(m, b دغه‎ f, po MIRC, يل حر‎ E í V3), 
(a, b, e, f£, go, h)-( 3, V3, 2, Mans dos + xe VB, 
(as; b; 6, f, gs) h)-(-3, V3, 8-40—WB slog 148 V3); 


whence the intersections with the orbit-plane are given by 


S$7:9 :15:5 8 N3 - y: — B 3 + y: B" + y" N3, 
ays y : l= — 9a 4 9'W34-2y : 3a 8N3—2y :. a" 3-8" —2 NY, 
په‎ Ys l= —9d :رل 6.د‎ 3a—8V3—2y : — a" ۷۹٩60 —2 N34, 


where if (as before) the position of the orbit-plane be determined by means of the 
longitude b and colatitude c of the orbit-pole, we have 


a,B,y =sinb , — cosb ; Ont, 
a’, B, V = cosb cosc, sin b cosc, — sin c, 
a", B", y" — cos b sin c, sin bsinc, cose, 


and the passage from the coordinates ره‎ y', to v, y, is given by 


a'— «x sinb—y cos b, 
y= æ cosb + y sin b, 
or conversely 
æ= Ü sin b+ y cosb, 
y =— cos b +y sin b. 


65. To develope the results, I consider the orbit-pole as passing through certain 
series of positions. The locus may be a meridian circle: by reason of the symmetry 
of the system, the results are not altered by a change of 120* in the longitude of 
the meridian; so that, by considering the two meridians 0°—180° and 90°—270°, we, 
in fact, consider twelve half meridians at the intervals of 30^. An illustration is 
afforded by Plate I.; the orbit-pole describes successively the meridians 0°, 30°, 60°, 90°, 
and the line 1, by its intersection with the orbit-plane, traces out on this plane a 
series of hyperbolas shown in the figure; the hyperbola for the meridian 90° is a 
right line, but (except for the position where the orbit-plane passes through the 
line 1) the locus is a determinate point on this line. Planogram No. 1 (Plate II.) 
refers to the meridian 90°—270°, and Planogram No. 2 (Plate III.) to the meridian 
0°—180°. Next, if the orbit-pole be at one of the points A, that is, if the orbit- 
plane pass through a ray—though the position of the orbit-pole be here determinate, 
yet as there is a series of orbits, this also will give rise to a planogram: I call it 
Planogram No. 3. The orbit-pole may pass along a separator circle (viz. the orbit- 
plane be parallel to a ray), this is Planogram No. 4. And, lastly, the orbit-pole may 
pass along the ecliptic (or the orbit-plane may pass through the axis SZ), I call this 
Planogram No. 5. But the last three planograms are not considered in the like detail 
as the first two, and I have not, in regard to them, tabulated the results, nor given 
any Plates. 
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Article Nos. 66 to 82. Planogram No. 1, the Meridian 90°—270° (see Plate IL.). 


66. Supposing that the orbit-plane rotates about the axis S1 (fig. 6, see No. 64) 
in the plane of the ecliptic, the orbit-pole will describe the meridian 90°—270°, the 
position of the orbit-pole being b=90°, c=0° to 90°, or else b=270°, c— 0^ to 90°. 
But the same analytical formula extends to the two half meridians, viz., we may take 
b= 90°, and extend c over 180°, in the final results making c an arc between 0° and 
90°, and b= 90°, or =270°, as the case requires. 


67. Assuming then b= 90°, we have 
f,p,y eh o |! gd 
a’, 8', y =0, cose — sinc, 
«", 8", ۷ 20, sinc, cose, 


and, moreover, 2’, y =æ, y: so that instead of (a, y,) &c, we may write at once 
(æ, Yy), &c. The formule become 


4, : y : 1 = V3cosc+ sinc: 0 : sine+ V3cosc, 
d cA : ٤1 4/3 cos c — 2sinc : — 3 : sinc — 23 cose, 
dy E HL E. = V3cosc—2sinc : 3 : sinc— 2 V3 cosc, 


that is 
“= 1 Yı = 0, 


(viz. the orbit-plane, as is evident, meets the ray 1 in a fixed point, its intersection 
with the plane of zy); 
_ N3 cosc — 2 sinc : 


” sinc 一 2V3 cose’ "b 
YF kala نه دا‎ Js 7 — Ys 
^ sine — 2 V3 cose’ n 
and writing 
2V3 La F4 1 
VB = C08 c, TÐ = SIN oc, 243 = tan w, 


já 
و‎ = — f+ M tan (c+ ø), 


—,—. see (c +o), 
4/13 ( ) 


Ya = 


and we thence have for the hyperbola, the locus of (a, y;) and (;, Ys) 
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viz. the points (#, y;) and (æ, Ys) are situate on the hyperbola, symmetrically on 
opposite sides of the axis of z For c —0, we have z,——1, y,— 1 V3, (z?-- y? — 1), and 
the hyperbola at this point touches the circle #+y?=1; and similarly for 23, Ys. 
The inclination of the asymptotes to the axis of y is given by tang = V3, n= 22^ 56’, 


68. The orbits are conics, focus S and vertex 1. It will be convenient to con- 
sider c as passing from 0° to 90^— e, and from 0° to —(90°+o); that is, from 
0° to 73^ 54 —e, and from 0° to —116° 6' +e, if e be indefinitely small: the point 
2 will thus traverse the upper branch (alone shown in the Plate) of the guide- 
hyperbola, viz, for c —0^ it will be at the point of contact with the circle; for 
c=73° 54’ —e it will be at co, and for c- —106^6' +e at ©’. For c=0° the orbit 
is the circle; as c increases positively, it becomes an ellipse of increasing eccentricity 
and major axis, until for a certain value (c= 46°48’ as will appear) it becomes a 
parabola; it then becomes a hyperbola (concave branch); for c= 52^45' it becomes the 
hyperbola 2۷ subsequently referred to; and for c — 60^ (the point 2 being then on the 
line shown in the figure) the orbit becomes this right line. As c continues to increase, 
the orbit becomes a hyperbola (convex branch); and ultimately for c= 73^ 54 一 e the 
point 2 goes to o, and the orbit becomes a hyperbola (convex) X, having an asymptote 
parallel to that of the guide-hyperbola: the inclination to the axis of « being thus 
90° — 22° 56’, = 67° 4. 


69. Next as c increases negatively, the point 2 moves from the point of contact 
in the other direction to 0’: for c=0° the orbit is of course the circle, and as c 
increases negatively the orbits are at first the very same series of orbits as those 
belonging to the positive values (), viz, they are first ellipses, of increasing eccentricity 
and major axis; then for c— — 92^54' the orbit is the parabola; the orbits are then 
hyperbolas (concave), and finally for c= — 106^ 6' +e, when 2 is at œ’, the orbit is a 
hyperbola >’, the asymptote of which is parallel to that of the guide-hyperbola, viz., 


7 


the inclination to the axis of x is =67° 4. 


70. It will be observed that the orbits from the circle to the hyperbola X' each 
intersect the guide-hyperbola (that is, the branch shown in the figure) in two points, 
the one corresponding to a positive, the other to a negative value of c; in the positive 
series, the remaining orbits from the hyperbola >’, through the right line to the convex 
hyperbola ZX, each intersect the guide-hyperbola (same branch) in a single point only, 
for which c is positive. 


71. There is, in the passage of the orbit-pole from c 2 — 106^ 6' +e to c= 73^ 54/— e, 
say at c—73^54' a discontinuity of orbit, viz, an abrupt change from the concave 
hyperbola X/ to the concave hyperbola €; observe that the direction of the asymptotes 
being the same in each, the eccentricity e has the same value. 


1 Of course, as corresponding to different values of c, they are not the same orbits in space, but they 
are only the same curves in the planogram. 
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The point in question (b= 90^, c=73° 54’) is one of the points B of the spherogram, 
and the hyperbolas E, X' are two of the four orbits belonging to this point. And, by 
what precedes, it appears that as the orbit-pole passes through this point along a 
meridian downwards to the ecliptic the change is from a concave to a convex orbit. 


72. On account of the symmetry in regard to the axis of æ, the equation of the 
orbit will be of the form r= Az +B; viz, the equation is at once found to be 
T's tem 1 
La -— 1 


r—-l= (æ — 1). 
73. The eccentricity is the coefficient A taken positively (e = + A): it is in the 
present case proper to attend to the value of the coefficient itself, 


Aes 


2, — 1 


the sign of A will then indicate the position of the centre of the orbit, viz., according 
as A is positive or negative the centre will be on the negative or the positive side 
of the focus S. To investigate the variation of A, we may express it as a function of 
tanc, — X suppose. We have 


NEED Me 
*oX-3/8'  "U Nu 
and thence 
1 J12—4 X84 134 
n= sR, — R,=+V12—4V3)1+ 13; 
入 一 2 V3 


viz, r, must be positive, that is, R, is positive or negative according to the sign of 
入 一 2V3i negative if ^< 23 or c< 13^ 54, positive if X» 2V3 or c» 73^ 54. And we 
have then 

۸-2۷3-56 

rie xw 


But a more convenient formula is obtained by writing 


1 
0 =— cot c + —~_, 
23 


we then have 
41-4 6: = 6r, 


which determines the sign of the radical, viz, this must have the same sign as 6; 
and then for the coefficient 


www.rcin.org.pl 


476 | ORBIT OF A PLANET FROM THREE OBSERVATIONS. 433 
74. For c a m arc =e, Ø is large and negative, and V1+ 6, having the same 


sign as Ø, is = 04-9 30 nearly; we have therefore 


2 —1 1 1 
A= 39 ` 29 = 36 approximately. 


For c nearly = 607, say c=60° +e, 


cot c = cot 60° + ecosec? 60° = A E ae : 
43. 3 
pig tick J PII ۷1 ې‎ @= 18 
2/3 3 ٣۸ on 23 
and thence 
E سه موا‎ FN 18 
vu LL. E IAE. e 
viz, this is 一 oo for c=60°—e, and +œ for c= 60° + e. 
For c nearly = 90° — o, say first c=73° 54’ — e, we have 
pote às os. وول‎ d 0 2 — iie, Pu V¥1+@=-1 
ave.” t 2 3 i 
whence 
A= -. 230940; 
V3 


but if c= 73^ 54 + e, then 0=1%¢, rac ۷1 68 = +1, and 


i 


A =— — = — 230940, 
V3 


j : 4 
viz, there is an abrupt change from A =+ — 

E 1 
continuity of orbit already + ear to. We may diminish ¢ by 180°, and consider the 


to A= EU corresponding to the dis- 


last-mentioned value, A=- 5 , as belonging to c= — 90° — w + e = — (106° 6’ — e). 

75. Consider next that c passes from 0 to —(106°6’—e). First if c is a small 
negative quantity c = — e, Ø is large and positive, and V1 + 0? having the same sign as 
2 一 1 1 
30 20 ` 36 
c=+e). And it is easy to see that as c increases negatively, A is always increasing 
1-3 

3 

being = — 2:30940 as above. We have a diagram of A (see next page). 

D. VE. 92 


0 (positive) is =0 + Es nearly, we have therefore A = (same as for 


negatively, its value for c=—90° being A= = —:8685, and for c= —106^ 6' +e 
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76. It thus appears that from A=0 to AT. there are always to any given 


value of A two values of c, or positions of the orbit-pole In particular if A be 
=—1, the curve will be a parabola; the values of c lying between 0°, 60° and 
between 73° 54’, 90° respectively. 


Fig. 7. 


106°6’ 90° 


AI Gap can: 2 M we wn ات ا‎ a aa nn a a nn en nn س ت‎ nn ا ووو ووا > د > کک ت س س د ت ت ا سک ت ب‎ ---~----- NUT 
"ipto POP uM E POR Y WHAT بس نه لد‎ mot ee "E 
To find them, writing A — — 1, we have 
— 80 — 3a = 20 — 91 + 6, that is, 50 + 3a = 2۷1 ې‎ 8 
or 
210? + 30a0 + 9a? — 4 = 0, 
that is, substituting for w its value = REOS , 
28 S 
216+5V30—-13=0, (1403-59 —1106, 
or 
Nas c 5 + V116 
14۷3 ' 
that is 
0 = — 65034, Gis 198797} 
giving 
cot c = + ‘93902, cot c= + ‘05071, 
or 
c= 46° 48’, 05817,6515 
77. It has been seen that c=73°54/+e gives A —— a — 230940; there will 


be between 0° and 60° another value of c, giving for 4 this same value; to find 


this value write A — — F , then we have 


EA 1 ET? 
- 4۷3 (0 (= 20-2 14 6, 
| + oN 7 
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that is Á 
(14+2V3)041=V14+@, 
or 
(12 +4 V3) 06 ې‎ (2 +4۷3) 6 — 0, 
satisfied as it should be by 0 — 0, and also by 
اه 12۷3 ے‎ 
2 (3 + V3) 
giving 
cot c = ‘76038 or c= 52^ 45’. 


78. Representing the equation of the orbit by 


r= Az + a(l 一 A’), 
we have for the point 1, 
ISA +a(1—A?), 


that is 
+1 


Re Pie 
where the sign is to be taken so that a shall be positive. 


79. With a view to the calculation of the times of passage, I calculate a series 
of values of a, y, Ts, A, a, for values of c at the intervals of 5° and for a few 
intermediate values; we have a, Ys, T= ™s, y», Ta, SO that these are known; so long 
as the orbit is an ellipse, the time of passage between the points 2 and 3, say Ta, 
may be calculated by Lambert's equation, the length of the chord jy,— 4s, = 2y, being 
known without any fresh calculation. And then the times 7ı, and T, being equal, 
and the sum Tı, + ېرلا‎ T, being equal to the whole periodic time (reckoned as = 3a!) 
the times 7, and T, are also known. But when the orbit is a concave hyperbola 
there is no time Ty, and the other two times T,= T, must be calculated. For the 
reason referred to (ante, No. 39) I did not use Lamberts equation,—and it was less 
necessary to do so, by reason that, the transverse axis coinciding with the axis of z, 


the other formula could be employed without difficulty. 
80. The formule for z,, y, adapted to logarithmic calculation are 
log (v, + 61539) = 11:60174 + log tan (c + 16° 6’), 
log y; = 11:92015 + log sec (c + 16° 6’), 
where y, is always positive, but the sign of æ, must be attended to. The values of r, 


and its inclination $, to the axis of æ are then to be calculated from 


tan $, = ^ j Ta = ونه‎ SEC ږې‎ or = Yz ه603‎ ٥ dz, 
9 


(viz. for r, it is proper to use the first or the second value, according as # is greater 


or less than y). 
55—2 
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We have then e=(+ A) and a from the foregoing formule 


where a, e are each of them positive. 


And then for the Times 


where 


PES i4 (x — x’ — sin x 4- sin x’); (log = = 167894) : 


a COS X = Q, — T3 — Yo, 


a COS X = Q — ra + Yo, 


[476 


and attention is necessary in order to the selection of the proper values of the angles 


/ 


N" 
And finally 


81. 


actual calculations) omitted. 


b = 90° 

c+16° 6 

log see 9 
92015 


01274 
y. = 10297 


01274 
51044 


50230 
b, = 72* 33 


C. 20^, 
= 36° 6’ 


To= Ty = i (3a? KD Py). 


log tan 86285 
60174 


46459 


61539 
29147 


€, = — 2 


log = 51044 
02046 
01274 
03320 

T, = 1:0794 


0794 log = 89982 
1:3239 log — 12185 


77797 


‘94003 log = 97314 
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A =— 059975 a = 10638 
1:0638 
1:0794 
A-r,=— 0156 
y,—-- 10297 


1:0141 = a cos x’ 
— 1:0453 = a cos x 


00608 01924 
02686 02686 
97922 99238 

x =17°35 x (= Supp. 10° 42’).= 169° 18’ x — x = 151° 48' 


151° 2°63544 


43' :01230 
— sin X — 18566 
sing ‘30209 02686 
2.95003 pits 
18566 47712 
51741 
276437 log = 44160 
02686 3a? = 6 
01343 1:4482 
67894 
1:8434 
T., = 1:4482 16083 T= T= 7 


82. For the Time in a hyperbola, we have 


Ta = Tm = > a3 (e tan u — h . l. tan (45° + 4 w)], 


where 
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Taking as a specimen the case c= 75°, we have here 


a= ‘9004 e = 2:1106 Y, = 43:341 
log = 4 log = ‘32441 log = 1:63690 
a (2 — 1) = 311106 
bsgtor J = 49284 


tæ) 


and then the calculation is 


log a = 95444 
„ a(@—1)= 49284 
44728 
„ aVe—1l= 22364 
log 4%, = 63690 
logtanu = 41326 u= 87° 47’ 
32441 h.ltan (45° + 1 u) = 3:95140 
73767 e tan u= 54660 
3:951 
50:709 
log = 70508 
95444 
47722 
67894 
31568 


T's, = Ta 一 20:686 


83. In the case of the parabola p= 1, and the expression for the Times is 


7 1 / / : 
Ta = ړ = يول‎ (pp e + رم‎ 


where for 
c = 46° 48’ 
C= 6 
we have 
Dyn = Ty = 181, 


Ti = Tu 一 2:588. 
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Planogram No. 1, first part, b= 90°. 


Circle 


5 
2 
Ellipses 
ip 4 


40° 54' 
45 

Parab. 46° 48' 
50 


( 
Hyperbs. | 52^ 45 
(199 


Line 60 


| 65 
Convex | 70 i a orbit. 
73° 54 
| | 75 ^ |-21432 
| Hyperbs. | | 80 4:356 
| 85 2:653 
Parab. 87° 6'| 2820 
Ellipse |90 ` |— 2:000 


The mark ~ in the 7'4 column shows that there is no Time TT». 
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Cire. 


All Ellipses 


ON THE DETERMINATION OF THE 


Planogram No. 


85 
90 


1, second part, b = 270°. 


g Yo dy fs A 

— ‘500 |+ ‘866 | 60° ' | 1:000 0 
537 :848 | 57 39 | 1:003 12 -002 
573 837 | 55 37 | 1-014 009 
608 832 | 53 52 | 0 019 
643 :834 | 52 23 | 1:053 052 
678 842 | 51 10 | 1-081 048 
714 :857 | 50 11 | 1:116 068 
752 879 | 49 27 | 7 090 
193 910 | 48 51 | 1-207 115 
836 ‘950 | 48 40 | 1-266 145 
884 | 1:002 | 48 36 | 1:336 179 
‘938 | 1:069 | 48 45 | 1:442 218 
1000 | 1:154| 49 7 | 1:527 264 
1:074 | 1:266 | 49 42 | 1:660 318 
1164 | 1-412 | 50 31 | 1:830 383 
1:280 | 1:611 | 51 35 | 2:056 464 
1:431 1:891 | 52 53 | 2:372 564 
1651 | 2:311 | 54 28 | 2-840 694 
— 2:000 |+ 3:000 | 56 18 | 3:606 |—-869 


1:145 


1:207 


17171 


2:255 


1:043 


1:192 


1:464 


1:983 


3:036 


6:888 


58:62 
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1:145 


1:207 


1:283 


1:377 


1:506 


13771 


2:255 


476] 
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441 


Article Nos. 84 to 94. Planogram No. 2, the Meridian 0°—180° (see Plate IIT). 


84. The orbit-plane here rotates about an axis in the plane of the ecliptic at 


right angles to S1 (Fig. 6). 


The entire meridian is given by b—0?, c=0° to 90°, 


and b=180°, c=0° to 90°, but it is sufficient to consider one of these half meridians, 
say the latter of them, as the series of values is the same for each of them, with 
only an interchange of the points 2, 3. I write therefore, b — 180^, so that we have 


a, B ا‎ 0 ., 1, 0 E 
a, B, y =— cosc, 0; — sinc, 
a", B", y" 2 — sinc, 0, cose, 
consequently 
æ : ځله‎ : b= snc: ENF: V3 cos c, 
u : yy : 1=—B8cosc—2sinc:  —V3: - V3sinc — 2 V3 coso, 
d, : Ys :1= S8cosc—2sinc: 一 V3: V3 sin c — 2 V3 cos c, 
and moreover a’ =y, y/— —2z; so that, introducing into the formule (a, Y1), 
place of the (wı, y’), &c., we have 
x; = sec C = هدو‎ 
1 , Yı V3 ? 
2 1 _ 1 2sinc+3cose 
t= sine+2co8c’ "^ 3 sinc42cosc' 
P —1 _ 1 2sinc—3cosc 
t= inc 2cosc B VF sinc—2cosc’ 
which, putting 
2 1 1 
cos8=—=, sinsS=-——, tansS8=4, 8=26 34, 
V5 V5 3 
become 
1 
4, = see c, M dT C, 
ey ste a man etl ا‎ $ + 4 tan (c — 8)}, 
۷5 V3 | 


seo (¢ + 8) Ys‏ = - = ولد 

so that the guide-hyperbolas are 
æ= 3y7=1, 

æ? = 15y2—16 V3 y + 13, i 


xe = 15y? 16 V3 y, + 18, » 
G OVIL 


gg cbt لور‎ 


4 angle of asymptotes = 30° 


b tan x = 14° 28’ 
V15 
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It is easy to verify that 


Hyperbola 2 passes through ري سیه‎ y= i V3, and touches there circle æ+7?=1, 
3 » a=, y=- 413 » » » 


وو 


and we thus have the figure in the Plate. 


85. The figure shows the motion of the points 1, 2, 3, along their respective 
hyperbolas, viz. c=0° to 90°, the point 1 moves from contact with the circle, along a 
half branch to infinity: 2 moves from contact along a small portion of the half 
branch; 3 moves from contact, along the half branch to infinity for c — tan? 2 = 63° 26’, 
and then reappearing at the opposite infinity, as c increases to 90° describes a portion 
of the opposite half branch. 


86. For c=0, the orbit is the circle; as c increases the orbit becomes elliptic; 
then parabolic, c= 51^, and afterwards hyperbolic (concave); until for c= 60°, the three 
points are on the horizontal line of the figure, and the orbit is this right line; it 
is to be noticed that the arrangement of the points on these orbits is 1, 2, 3; so 
that for the parabola, 7, is =o, and for the hyperbolas and right line 7, does not 
exist. 


87. For c« 60° until c= 63^ 26' the orbit is a convex hyperbola, the arrangement 
of the points being stil 1, 2, 3: say for c—63'26'—e, the orbit is the convex 
hyperbola Q. At c—63^26' there is an abrupt change of orbit; say for c = 63° 26' e 
the orbit is a concave hyperbola زب‎ and for c= 65^ 52 the orbit is a parabola; 
the arrangement of the points on these orbits is 2, 1, 3; so that for the hyperbolas 
T does not exist, and Tı, is =o for the parabola. Observe also that for the 
hyperbola ©, the point 3 is at infinity, or we -have Tı =o. As c continues to 
increase, the orbit becomes an ellipse, the eccentricity having a minimum value = ‘628 
(about), for c= 69^ (about) For c—89^20' the orbit is again a parabola, and then 
until c=90° it is a hyperbola; the order of the points on the last-mentioned 
parabola and hyperbolas being 1, 3, 2; so that for the parabola T, is = o, and for 
the hyperbolas Tı, does not exist. In the hyperbola for c —90^, say the hyperbola €», 
the point 1 is at infinity, or we have 7,,— o. The foregoing results, obtained (except 
as to the numerical values) by consideration of the figure, will be confirmed by means 
of the calculated values of e. 


88. The equation of the orbit may be written 


T a 4 = 0; 
v3 DIU اا‎ ' X8 

r, COS C 4 1: sin c , cose 
r,(sine+2cosc), — 1, 2 sinc +3cosc, sinc + 2 cosc 

r, (sin c — 2 cos c), 1, —2sinc+8cose, sinc—2cosc 
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or developing, this is 
T 


NS 6 (sin? c — 3 cos? c), 


HT { 4r, (sin? c — 3 cos? c) cos C 


r, (sin c+ 2 cos c) (sin? c — 3 cos? c) 
+ 7; (sin c — 2 cos c) (sin? c — 3 cos? c)} 
+y {— 2r,sinecose¢ 
+ ra(— sin? c+ sin c cos c + 6 cos? c) 


+ r,( sine + sin c cos e — 6 cos? (ه‎ 
1 


ieee 


Yð Tı. — 6 0 


+ 9r, (sin? c + sin c cos c — 2 cos? c) 
+ 31, (sin? c — sin c cos c — 2 cos? c)] = 0; 
(observe that the orbit will be a right line if sin?c--3cos?c=0, that. is if c= 60°, 


which is right, since 60° is the angular radius of the regulator circle). 


89. Putting in the equation tan c=, and therefore osc= t, the equation 
; + A? 


becomes 
= ae (4n - +2) Ta + (X — 2) 2L 
1 
tygara P nie 0-820 395-03) — 27) y 
1 
+. 3723) (2+0 -1( 0 2) n A+) 0. -2)5). 
We have 
ETT. "ES 
mid دوو شه و‎ 
Ü 1 À á TONES 1 2-3 
i " 


and thence, writing for shortness 


٥ , 


R= NI+4X 
R, 


Å SAT ATA? + 12X + 12, 
V3 
1 


R= 


VTA 一 12. + 12, 


56—2 
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we have 
fi xm. 


1-2) = Ra, 

T3 (X m 2) I et 
where 7, Fs, T, are positive, and the signs of R,, R», R; must be determined accordingly ; 
viz, R, is always positive, and (¢=0° to c=90°, as here supposed) R, is also positive; 
but R, has the same sign as A—2; viz, c—0^ to c=63°26’, R, is negative; and 
c—63'26' to c=90°, R, is positive. It is to be observed that this position, 
c =tan™ 2 = 63°26’, of the pole is the intersection of the meridian b=180° by a 
separator circle, and corresponds to an intersection at infinity on the ray 3. 


90. Substituting the foregoing values of 71, Fs, 73, the equation of the orbit becomes 
1 سس‎ 
6V1 +X 


[X (2R, + R, — R) — 3 (R, + R;)} y 


(4R, — R,+ Rx 


1 7» 
1 
十 2(4?-3) (MÆ, + R;) - 2R, — R, + Rẹ}, 
where X= tanc; and the equation of the orbit may thence be calculated for any given 
value of c. 


91. The analytical expression for the eccentricity is 


e=VA2+ P, 


Fig. 8. 


where, as above, 
1 
A= نب‎ (4R, 1 لا‎ R 
6 1 +r ( 2 d A 
1 


B a_i s کے‎ 
وڼ وټ و‎ ^ GR R- R) - (Rs + R); 
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but this expression is too complicated to allow of an analytical discussion of the 
series of values of e (such as was given for A, — te, in planogram No. 1). The 
numerical calculation gives the results mentioned ante No. 87, viz, c=0,e=0; c=51°, 
e=1; c=60°", e=0; c=63° 26’—6, e= 4912; c=63° 26 +e, e— 1853; c=69°, e= "628 
{min.); c= 89°20’, (viz X—86176), e=1; c=90°, e=1°018; values which are ex- 
hibited in the diagram in the preceding page. 


92. It may be further remarked, in reference to the formula 
r= Az -- By کو‎ C, 


that for c— 60^, that is X— V3, we have A finite, B and C each infinite, but equal 
and of opposite signs; viz, the equation becomes r='2242x + oo (y—1), that is y — 1, 
orbit a right line as above. 


The abrupt change at c= 63°26, X—2, arises from the "imet of sign of R,; 


viz, c = 63° 26’ — e, Asc cad but c= 63° 260 + e, Ry 3 2308; the two 


N3 3 


orbits are Å 
c = 68° 26’ — e, r = 2942 + 4906 y — 3:671, e — 4912, a= ‘159, 
c = 63? 26’ + e, r= 51782 — 1'761 y + 3:257, e — 1:853, a = 1:338 


For c= 90° the equation is 
5 æ+ $ 二 他 
= 10 æ 4-666 y + 1527 
and therefore e = و۷۹‎ = 1:018 as above; a = 9 ۷21 41:243. 


It is to be added that for c nearly =90°, or X very large, we have 


وسم موسر وسو D‏ 


s 
and thence 

4 9 4 1 
A = لل کلب‎ wm د‎ 48012. 
3/3 41 入 
BS Ses iin | 
Bu 3 سه‎ d 006-100 
2 1 2 Pn | 
C= NI — 73 x = 1527 — 15555. 


It was, in fact, by means of these expressions that the value X = 86:176 (c=89° 20) 
corresponding to the last-mentioned parabolie orbit was obtained. 
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93. For the calculation of the table we have 


log 2, = 10 + log sec c, 
log yı = 1076144 + log tan c, 
log a, = 1065052 + log sec (c — 26° 34’), 
log (y, — :92376) = 1006247 + log tan (c — 26° 34’), 
log #3 = 10°65052 + log sec (c + 26° 34’), 
log (y; + 92376) = 10:06247 + log sec (c + 26° 34’), 
the values of 7, 72, و7‎ are then calculated from 
æ =r, COS hı, y,—7, Sin $i, 
or say 


T, = x, 866 hı, &e.‏ ,و tan‏ د 
1 


and those of the chords y, Yə, ya, from 


Lı — La = V12 COS Viz, Yi — Yo = Vig SIN 05, 
or say 


a 
tan 0, = — : = (x, — x) sec O. 
12 yi دل‎ Vie (a, >) 12 


We have then to find the equation of the orbit r= Aw + By + C; this might be done 
by substituting in the determinant expression the numerical values of a, Yi, ri, 4», Ya Ts, 
£5, Ys, Ta, and so calculating the result, but I have preferred to employ the formula of 
No. 90, using only the calculated values of ri, و‎ rg; viz. we have 


ri = Ri, 
T? (X + 2) = R, 
T3 (X e 2) 一 A, 


which gives the values of R,, روګ‎ E, And then we have e, w, a, from the equations 


l-e’ 


A=ccosw, B=esine, a= 


e and a being each regarded as positive. The times in the elliptic, and parabolic 
orbits are then calculated from Lambert’s equation, as explained in regard to Planogram 
No. 1, but for the hyperbolic orbits, the other formule were made use of. 
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94. I annex a specimen; the characteristics of the logarithms are omitted. 


Gx 20°. 
20° ~ 6° 34’ + 46° 34’ 
02701 56107 00286 06113 16272 02376 
16144 65052 06247 65052 06247 
32251 65338 12360 81324 08623 
z,— 106418  y,—:21014 | سه‎ 45017 92367 æ, = — '65049 667 
32251 02701 01329 12196 
Quis. 90830 y, = + 8 y, = 80171 
29950 — 03531 log = 95922 log y, — 90402 
$ = PAO 1, = 10847 95922 95922 90402 90402 
05338 04752 81324 10980 
30584 00674 09078 01382 


r,= 1:0157 d, (= 50° 57’) = 230° 57’, r, = 10323.‏ ,19 116° = )’41 63° =( ې 


The calculation of the equation of the orbit is then as follows: 


x= 7 log R, = 03531 
log = 7 R, = 0847 
12214 ۸ + 2 = 2°36397 
X- 13248 log = 37364 
1 — 3 = — 2:86752 log7,= 00674 
log V1 + 1? = 02701 R, = + 22400 
77815 


入 一 2 一 一 163603 


log 6 V1 + X? — 80516 (a) 


log= 21378 
vod log r, = 01382 
30103 
22760 
log 2 (A? — 3) = 75853 (c 
xin din. ©) R, =—1°6889 


23856 


log 2 V3 (^? — 3) = 99709 (b) 
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R= 24010 


2R, = 21694 


4R, = 43388 


R, 24010 R,—--— 156889‏ + 24010 — وی 
+R; — 1:6889 一 R, 16889 + 7121‏ 
log- ` 85254‏ *6:2593 40899 
log = 79653 TEN Tt‏ 2489 
41361 دزن 39602 — log‏ 
(a)= 80516 35760 += :25919‏ 
十 22782 — 6-2593*‏ 59086 
n 4 R, — 7-2032 S‏ 
Se -‏ و 038982 = A‏ 
log= 77818‏ 
Eo‏ 08 7-3449 
T-2032 ON )‏ — 
01965: 
01417 
C=+ 10464‏ 
log — 15137 y‏ 
(b) = 99709‏ 
15428 
B = — 014265‏ 
log B — 15428 02729‏ 
log 4 = 59086 59086‏ 
61815 56342 
e (= 20° 6’) = 160° 52’ ` e = 04151‏ 
23630 
e = 001723 log C = 01965‏ 
e = ‘998277 log =99925‏ — 1 
a = 1:0481 02040‏ 
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The calculation of the Times is similar to that for the first planogram, and 
requires no further illustration. 


The Table for Planogram No. 2 is as follows: 


C. VII. 57 
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Planogram No. 2, 
i ar Kd "i all T با و‎ $s 
0° 1:000 0001۱ ‘500 | :866|- -+500 |- 120° 0'| 1:000 | 240° 0’), 
5 1004| ‘051 | ‘481 | 8 :525 118 42 | 1-001} 238 23 
10 1:015 102) :467| :889 '557 117 41 1:006, 236 34 
15 1.035| -155| -456 | -900 598 116 54 | 1:016 | 233 58 
20 1:064 :210| :450| 0 50 116 19 | 1032 230 57 
25 1:103 :269 | :447 | :921 ‘719 115 55| 1060 227 15 
ee) 8 1155} .333| 448| -931| 812 115 42| 1104| 222 49 
35 1:221 404 | :452| -941 :939 115 40| 1178| 217 6 
40 1:300 | +484 | -460 | -951| 1125 115 48| 1:302 | 210 19 
45 1:414 ‘577 | 471| 92 1:414 116 6, 1528) 202 12 
50 1556| _ -688 | :487| -974] 1:925 116 35| 1:975 | 192 53 | 
Parab. 51° 0’ 1:589 413| :491| -976 2:077 116 43 | 2:115 190 54 | 
52 1:624 439, :495 | 8 2:256 116 51 | 2-283 | 188 53| 
Hyperbi 54 1701} 795) 5041 984| 9 117. 7| 2/798 | 184 48 
55 1743| ‘824| 509| -986| 3-049 117 16 |. 3-053] 182 43 
56° 18’ 1۰802| ‘866 | 515 -990| 3:601 117 30| 3:601| 180 0| 
59 1942| ‘961 | .530| -997| 576 118.59 | 5:813 | 174 95. 
Line 60 2000| 1:000| .536 | 1-000 | 7:408 118 11| 7.534| 172 23 
61 2:063| 1:042| 542 | 1:003 | - 10:53 118 24| 10-68 | 170 20 
Convex | 63° 96-e an n. 165 31 
63° 26' +e 2:236 | 1:155 | 559 60 ay 118 57 oo 345 31 
Hyper] 64 2:281 | 1:184 | ‘563 | 1:012 | +45:22 119 6 | 46:94 | 344 26 
65 2:366 | 1-238] -571 | 1:015 | 16:36 119 21 | 17-15 | 342 37| 
Parab 65° 52! 2:446 | 1289| :578 | 1:019| 10:12 119 35 | 10:80 | 340 56 
66 2459| 1:297| 579 | 1.019| 9:987 | 3500۱ 2779|27 48 | 1179 | 119 37 | 10-59 | 340 41 
| 68 2:669 | 1:429| 596 | 1:026 5:617 2:369 | 3:028 28 10 1:186 | 120 11| 6-090! 337 8 
70 2:024 | 1:586 | :616 | 1:033 3:912 1:927 | 3:326 | 28 29 | 1:202 | 120 48 | 4:360 | 333 46 
Ellipses 72 3:287 | 1:777| :638 | 1 3:008 1:694 | 3:093 | 28 47|1:221|121 29 | 3-455] 330 38 
75 3°864 | 2:155 | :674| 1:054 2:230 1:488 | 4424|29 9 | 1-251 | 122 36 | 2:681| 326 17 
80 5759 | 3:274 | “751 | 9 1:568 1:312 | 6°624 | 29 37|1:315|124 49| 2045| 320 5 
85 11:47 6:599 | :854 | 1-112 1:217 1-216 | 13:25 | 29 54 | 1-402 | 127 32 | 1720| 315 1 
Parab. 89° 20' 86°41 | 49:79 979 | 1:148 1:024 1:161 | 99:5 29 56 | 1-508 | 130 24 | 1:548 | 311 24 
Hyperbs |90—e oo oo 1:000 1-155 |+ 1:000|- 1155| o 30 0|1:527 130 54| 1-527] 310 54 
Rs E 
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b= 180°, c=0° to 90°. 


R a E 8 » å M a id b. vå Ta Ty 7, 
000 000 |+ 1:000 *000 | ind. 1:000| 1:732 | 1-732 1-732 | 1:000 1:000 | 1:000 | 0° 
5 
+0101 |— -0015 | 1:0104 010/171 19 1-018 1729 F 1:832 1:678 |. 7 1106 | “953 | 10 
15 
039 014 1:046 .041 | 160 52| 1:048| 1-724 | 1:991 1:668 | :956 1:316 | :946 | 20 
| 25 
83 061 1:126 103 | 143 48 | 1138١ 1718, 4 1-710 | :924 1777 | :962|30 
35 
135 ۰209 1317 248 | 122 54 1404, 1:740 | 2:684 1:826 | ‘878 3:288 | 966 | 40 
161 395 1:527 426 | 112-12 | 1:867| ` 1-805 | 3:055 1:925 45 
186 '815 1:972 :836|102 50 | 6:554, 2.016 | 3:659 2:063 | ‘878| 48:60 849 | 50 
:191 ۰982 2۰140 | 1:000 | 101 14 oo 2-100 | 3:831 2:097 | -879 o :820 | 51° 0’ 
196 1:150 2:319 | 1-166 | 99 39| 6:434 52 
:203 1719 2-898, 1:720| 96 44| 1 ۱ 54 
‘207 2:182 3366 | 2-192) 95 25 ‘885 | 2-781 | 4:890 2°258| :895 ~ 665 | 55 
212 3°074 4:227 | 3:081 93 56 498 56° 18' 
221 |— 14-15 |+15-42 | 14:15 90 30 077 | | 59 
224/14 o (y|- 1) oo 90 0 :000| 6:932 | 9:468 2:536 | :000 ~ |. 000 60 
Convex Orbits. y 
:234 |+ 4:906 |- 3°671| 4912| 87 17 :159 63° 26'—e 
$78|- 1-761 |+ 3:257, 1-853 | 108 11 | 1:338 oo oo 2799| ~ e 909 | 63° "A 
64 
‘587 ‘979 2-494 | 1:134 | 120 21 | 8:666 | 18-014 | 15:380 2:945 65 
‘591 ۰805 2:257-| 1۰000 |126 19| مه‎ 11:633 | 9:072 3:036 | oo 7:746 | 1:386 | 65° 52’ 
593 ‘779 2°221 979 | 127 15 |°53°83 66 
606 338 1:894 093 | 150 53| 3:645 68 
:6819|- 0 1:708 "630 | 169 0| 2:834| 5-409] 3:649 3:584 | 5:735 6:343 | 2:685 | 70 
635 |+ 7 1:599 636 | 182 25 | 2:674 72 
654 185 | 1:497 :680|195 47| 2:783, 3:859, 3-981 4:644 | 2:62 6°68 | 464 | 75 
۰692 366 1:439 :83|207:52| 93:716 | 3:327 | 6:212 6-870 | 1:97 10:21 | 9:343 | 80 
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Article Nos. 95 to 98. Planogram No. 3, the Orbit-pole at one of the points A. 


95. When the orbit-pole is at one of the points A, the orbit-plane passes through 
one of the rays, and as there is no longer on this ray any determinate point of 
intersection, the orbit (as was seen) becomes indeterminate. Thus consider the point 
A for which b= 270°, c= 60°: we have 


, 


a, B8, Y 0 
a’, E. y = 0, —4 , — 13, 
y" 4 


n // 
e, 1 


and consequently the formula gives 

& 4 lis 0 : "brut t8 ; 
x» NIN 8:—13-V8, 
af: yf 21 = —4V8-V38 :—3 : = N3N, 


B 

RS 

t 
- 
I 


and, moreover, z — — a’, y=—y’. From the formula the value of z, or به‎ is given as 
9, but the true value is obviously z,—1; the value of y, is actually indeterminate. 
The formule give the values of (Zs, y.), (a, Ys), viz. the system is 


di: .1, 3, = ind. 
2 wh vT 
2, == 1, ږا‎ = V3’ whence 7, =7;= V4, 
2 
qus —], Yg = = س‎ 
‘ we 
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so that the orbits in the planogram are the whole series of conies having a given 
focus, S, and passing through two fixed points, 2, 3, having the common abscissa 


— 


y (= 115470) on opposite sides of the axis. The axis 


of z is obviously the common transverse axis for all the orbits; that is, the equation of 
the orbit will be of the form r= Az--B; and writing «= — 1, we have V — — A+B, 
viz the equation is r— V£— A(z--1); the value of A will be determined if we 
assume for the point 1 a determinate position on the line ,اه‎ say its ordinate is =y,; 
for then if r, = V1 + y? we have r, — V1 = 24, and the equation is r — V1 =} (r, — Vi) (æ+ 1). 
In particular if y, —0, we have r, = 1, and the equation of the orbit is » V7 - 2 (1—V1) (z4- 1): 
this is the orbit, eccentricity 3} (VF —1), —:264, belonging to the point A as a point 
in planogram No. 1: for the value of y, being in that planogram originally assumed 
— 0, is of course =0 when the orbit-pole comes to be the point A. 


«=—1, and at equal distances 


96. We may conversely take the equation of the orbit, or say the value of 
A (= +e) in the equation r — V$— A (+1), to be given; and then writing z— 2, — 1, 
we hàve ٩ z 
: r =V} 24, that is y*—(W$ + 248-117 
or 
r, =T or لاس‎ A = 1 — VT) = — ‘264, 


A diminishes from — ‘264 to 0; viz., 


: z ٩ 2 
and as 7», increases to 7, = y T, or y, increases to + J3' 


for r, = V1, or = + the orbit is a circle; as 7, increases from V7, or y, from + > 
A 2 | 
A increases from 0 positively; for r,2i42, = 3527, or Y= aian , = + 2:896, 


A becomes =1; that is, the orbit is a parabola; and for larger positive values of 7, 
or positive or negative values of 4,, the orbit is a hyperbola (concave); and ultimately 
for 7,= o or y= +o, the orbit is the right line #+1=0. Thus A extends from 
— ‘264 to 0, and thence from 0 positively to +æ. 


97. In further illustration, suppose that the orbit-pole, instead of being at A, is 
a point in the immediate neighbourhood of A, say that the rectangular spherical 
coordinates, measured from A in the direction of the meridian and perpendicular 
thereto, are Ë and 5; the colatitude and longitude of the orbit-pole being thus 


c=60°+&, and b=270°+ jai we have then, £, » being indefinitely small, 
a,B = 一 1 0 
, د‎ "y , va” , 
P ; 1 V3. 3 
4,8, Mi". tiy -$+ 3 Ë سک ند‎ a 
, td "n V3 V3 
a’, By سا‎ Mis ee —+4Ë, 4 mp 
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and thence Va 7 
a = (-1+ var پک‎ 2£ 


2 
: : —-=%. N3 : 一 2 


d or Qr : — 27 


that is, a ولاس‎ N =: or what is the same thing, = — 1, = F; the values of 
وه‎ Ya, and 4, Ys, differ from their former values only by terms in Ë, n, which may 


be neglected; that is, we have as before z,——1, y,— J and m=- 1, S i and 


we thus see that the foregoing determination of the orbit for an arbitrary value 


of yı, writing therein n iF (or what would be the same thing =?) gives the 


orbit for the neighbouring position c=60?+Ë, and b= T + 2 n of the orbit-pole. 


Writing for greater convenience E= p cos y, = p sin y, the indefinitely small quantity 
p will denote the distance of the orbit-pole from A, and its azimuth measured from 
the meridian will be =Ý. We then heve y,=—tany, and 7,=V1+y2= + sec yr, or, 
if to fix the ideas, y be considered as <+90°, then 7,=secy: we have thus 
(A= +e as before) A=4(—Vi+sec Ý); viz, observing that V1 = 1:527, we obtain 


T A=—4(V§—1)=— 264 
y=sec NF =+49° 6, 7 داي‎ 0 
y=see(2VE—-1)=+ 60°52, A= 4H(VT- 1) = +264 
p = sec? ( V$42)— 278932, A =!) À 

Ý F + (90° — e), A =+ o. 


98. These results will have to be further considered in reference to the course 
of the iseccentric curves through the point A. I remark here that, although it 
appears that although for eccentricities less than ‘264, and in particular for the 
eccentricity =0, there are real directions of passage from A to a neighbouring point, 
yet there are not through A any real branches of the corresponding iseccentrie curves; 
viz, A is in regard to these curves, an isolated point with real tangents; that is a 
point in the nature of an evanescent lemniscate. As regards the eccentricity = 0, it 
is obvious that this must be so; viz, there can be no real branch through A. In 
fact, the orbit can only be a circle when the intersection by the orbit-plane of the 
hyperboloid which contains the three rays is also a circle; that is, the orbit is a circle 
only when the orbit-plane coincides with the plane of the ecliptic. 
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Article Nos. 99 to 103. Planogram No. 4, the Orbit-pole in the Ecliptic. 


99. When the orbit-pole describes the circle of the ecliptic, the orbit-plane passes 
through the axis of z, or polar axis. We have c=90°, and consequently 


a,B,y =sinb, —cosb, 0, 
a, 8,7 = Am 0, — 1, 
a" =S sw" = cosb X inb 0. 
Reverting for a moment to the general case where the six coordinates of the ray are 
(a, b, c, f, g, h), the formule for the intersection by the orbit-plane are 
gig : l= of b ete. سه(‎ 
: —(a, b, ca, 8, y ) : —asin b + b cosb 
(f, z hija", 8", y") : 16086 gsin D, 


that is 
Lt etel Éakosed, 
g E c 
Ups Pod Wn a 
a c 0 
and thence 
Å نو سی ها به‎ ۱١ ٠ TET 
1:081 ind at áar viða bide gør 
= hx : gy+a: -fy +b; 
consequently 


ha” = (gy +a) + (fy — by, 
or, what is the same thing, 
ha^? = (f? + g?) y? + 2 (ag — bf) y + a? + b?, 
or, in particular, if (as in the special symmetrical case) ag 一 bf= 0, then 
ha”? =(P + g?) y? + a? + b*. 
100. For the symmetrical system of rays we have as before 
fi by, Cif, Ea Door. سه‎ B 50, di N3, 
په‎ by, €, fá, gu, bS 8, V8, 2 43, 1, —243, 


85, b;, C3, Ís; 83: h; = — 3, N3, 2, V3, ٧7 TE 2 W3, 


and thence 0 
B =E G 43 cos b : sin b f 


WE VERS I M — 8 sin b + V3 cos b : sin b + V3 cos b, 
æy y : 1=— 2: Bsinb + V3 cos Db : sinb — V3 cos b, 
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or, what is the same thing, 


a = cosec b S yy =NB cot b, 

UM —1 , _ V8 (eos b — V3 sin D) 

° sinb--V3cosb' x sin b -- V3 cos b. ` 

MAN CAM. , _ M3 (cos b+ V3 sin D) | 

°  sinb — V3 cosb’ 2 sin b — V3 cosb ' 
or as these may also be written 

a= cosee b A a = V3 cot b í 


a, =—cosec(b+ 60°), — y/ = V3 cot (b + 60°), 
a, =—cosec(b—60°), ^ y; —wW3cot(b — 60°), 
so that for each of these sets we have 


EESE TT m 
a FY 1 


(The curve is in fact a section of the hyperboloid of revolution, a + y*—34 25 — 1, 
which passes through the three rays.) 


101. As regards the equation of the orbit I will first consider the particular 
cases b=90°, b=0°, which should agree with the orbits for c —90^ in the planograms 
1 and 2 respectively. 


For b= 90? we have «=a, y'— y and 


and the orbit is at once found to be 
r24 —Vi3) (a — 1), 


the eccentricity (regarded as positive) being thus 1(V13 — 1), ے‎ 7085 as before. For 


b=0° there is a discontinuity, and I write successively b — +e, and b— — e. For b=+e 
we have a’ =—y, y =a, and 
m= 0, yi =a VB, 
g 
00 一 一 -一 ， y m], 
2 V3 Y: 
) 2 
Qa. = a ý = 一 1 
دل و‎ 
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and the orbit is found to be 
4 VT 
r= a -— - _= 06 ‘770 1:527 ; 
$7 * sus * ys ton Dat E. 


and similarly for b— — e the equation is 


PR 
tV 


r=— دو‎ = — 666 æ + '770 y + 1:527 ; 


hence the eccentricity is 8 : 
e=V28, =1:018, as before. 


102. Considering now the general case where b has any value whatever, the 
equation of the orbit is 
T ٩ a, y Ve = 0, 
r, sin b : 0 V3 cos b , sind 
r, (sin b + V3 cos b), —2, —S3sinb--V3cosb, sinb + V3 cos b 
r, (sin b — V3 cos b), —2, منه3‎ + V3 cos b, sin b — V3 cosb 
(a = v sin b — y cos b, y'= æ cosb + y sin b, as before). 


The coefficient of x is readily found to be — 6V3 (sin?b + cos* b), = — 6v3; hence 
completing the development, dividing by 6 V3, and transposing, the equation of the 
orbit 1s 

r= : [2r, sin b — r, (sin b + V3 cos b) — r, (sin b — ۷3 cos b)] a’ 


a5 [4m sin b cos b + r, (— 2 sin b cos b + V3 (cos? b — sin? b)) 
+ r; (— 2 sin b cos b — ۷3 (cos? b — sin? »)] y’ 


+ 4 [4r sinb + r, (sin? b + 3 cos? b + 2 V3 sin b cos D) 


+ r, ( sin?b + 3 cos?b— 2 3 sin b cos b)], 
where 
_ Vsin? b + 4 cos? b 
sin b 


? 


_ 13 sin? b + 7 cos b — 6 V3 sin b cos b 
ph sin b + V3 cos b 


> 


sin? b + 7 cos? b + 6 V3 sin b cos b cos b‏ 13 له 


aS sin b — V3 cos b 


; 


in which expressions the signs of the radicals must be such that 7,, rs, 7; shall be 
positive. Hence writing tan b = m, (sec b — V1 + n’, which determines the sign of V1+7?), 
also 


8 ۵ب لاب‎ Ry=V189—6V3y+7,, R=V139'+6V34+7, 
Q. VII. 58 
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and therefore 1 1 
nr = fü, (n + VB) r= fü, (n — V3) r= R 


which last equations determine the signs of R,, Rə R, respectively, the equation of 


the orbit is 
1 


"p; gu R each 
bis ET i+ Ry (1—9 3) + R,(1 +n V3)) y 
NIETO (4, 9 + R, (n + V3) + R; (n — V3)). 


Thus if b=+e, then also 9= + e, 


VNI+ =1, R,-2, R,-W7, R,—-—VWT, 
and the equation is 


1 4 V7 
4 ——=8 2 V3, +- = ‘666 x’ + ‘770 yF 1:527, 
r= d y +t EA i aaa æ 十 y+ 

as before; and similarly if b= 90°. 
And moreover, if 0 230^, then 

1 4 2 413 

一 URS HK = Vai, I. -—-, a 

01۱ NE 3 


whence the equation of the orbit is 
r 2 1 (N13-1) + 0y'+4(V13 + 2), 
= 868 +0y + 1868. 

103. The equation of the orbit should be tabulated from b=0 to b= 30°, the 
equations for the remainder of the circumference will be then found by successive 
repetition of this interval in direct and reverse order, with however a change of sign, 
in the manner about to be explained, 

b=e, r = +666 x' +770 y + 1:527, 
08057: r=+'868e'+ 0 y’ +1868, 
b—60 —e r=+6662 — 7707 + 1527, 
b = 60? +e, PE ‘666 x + ‘770 y 十 1:527, 
b = 90°, r=—'868w4+ 0 jy 41808, 
b=120° — e, r=—'666 02 — 7707 + 1:527, 

30°+ same as 30^ — 8, reversing sign of the y’ coefficient. 

90°+ 8 same as 90^— 8, reversing sign of the y' coefficient, and whole interval 
60° to 120° same as interval 0° to 60°, except that the signs of the w coefficient 


are reversed, and the remaining two intervals, 120° to 240° and 240° to 360°, are 
merely repetitions of the interval 0° to 120°, 
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As regards the interval 0° to 30° the only intermediate value that I have 
calculated is b=15°, viz., we then have i 


b=15°, r='811 x' +:403 y +1787. 


Calculating for the foregoing values b=0°, b — 15^, b=30°, the values of e, w, a, 
these are found to be 


b= 0°, e= 1:018 aw = 220° 6’ a = 41:24 
b 1557 e= ‘906 « = 206° 27’ a = 10:008 
b = 30°, e= ‘868 æ = 180? a= 1:604 


Article Nos. 104 to 113. Planogram No. 5. The Orbit-pole on a Separator. 


104. If the orbit-plane rotate round a line parallel to one of the rays, the 
orbit-pole will describe a separator circle, and conversely. I consider the general case 
of a ray the six coordinates of which are (a, b, c, f, g, h), and for which the inter- 
sections with the orbit-plane are given by 


x : y : 1 = (a, b, eda’, B, y) : — (a, b, cha, B, y) : 0 8: hja”, ۵۰ y) 


The axis of «' is parallel to the ray 


that is, we have 


whence, putting for shortness 


Q =f? + g* + b? and II =f? + g, 
we have 


f E 1 DE YT 
a= = cos N cos G, B= 9 = cos N sin G, yag" sin V, 


and thence 


II 
tan G =Ë sin G = & eau i cos N = § 


f° I U 


and we thus obtain the values of «X, B', y; a", B”. y' in terms of f, g, h and the 
variable angle H, viz., these are 


A gcos H hf sin H 
d 三 一 ”一 -一 十 


, _ Sg sin H hf cos H 


Ho me MT سو دو‎ o cH 

F fcosH  ghsin H noe fsnH اسوه‎ 
alto: iab! od Mahia mi 
, Isin H * II* cos H 
٧ D Fao Wes ee - ma’ 


www.rcin.org.pl 


460 ON THE DETERMINATION OF THE [476 


where H is the angular distance of ‘the orbit-pole, along the separator, from the 
point A. The foregoing values give 


(a, b, ea, 8, y ) 20, 
(à, b, ofa, I^, لست(‎ ((ag — bf) cos H + cQ sin H}, 
(f, g, hija" B". y^) — 0, 
so that the coordinates wz’, y' of the intersection with the ray are given in the form 


@ sot le: O, 
that is 


but the value of y' is determinate, viz, this is equal to the perpendicular distance of 
the ray from the point S. 


105. In particular when the rays are the special symmetrical system before 
considered, then if (a, b, c, f, g, h) refer to the ray 1, we have f=0, g=1, h=%3, 
II 21, Q=2, and thence 


a,B,y= 0 , + : 1۷3 , 
a’, B', a H, 3 V3 sin H, — Ísin H, 
a”, B", y'— —sin H, $V3cos 77 
For the intersection with the ray 1 we have 
په‎ mido, ucl, 


and for the intersections with the other two lines 


iy: c le 
f 43, 2 )(—ocos H, 4v3 sin H, —}sin H) =—8 cos H + ‡ sin H 
: چو )په‎ «QU ۷۷ ٢ لا‎ 1 : 83 
(V3, 1, —2W3)(—sin H, - 1۷3 ههه‎ } cos H) :—wW3sin H—3W3 cos H, 
and 
vy ny: fle 
سا‎ 43, Si) (ond, iV3sinH, —‡sin FH = 3cosH+4sinH 
:-(— 3 V3,.2 )( 0, 4, 443) : 3 


(- V3, 1, — 2/3) (— sin H, — 13 cos H, ies H) : V3 sin H — V3 cos H, 
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that is, we have 


,_ 1 6csH— sin Ve د‎ 6cosH+ sinH 
7» = 73 3 cos H+2sin H^ ° 43 cos H =2 sin H” 
Poiana b nt "m altus dual 
موو ې امه لا‎ ۳ 3 cos H —2sin H` 


106. Writing herein 


coso = s sinet. tane —2, w= 33° 4l 
the formule are readily converted into 
1 1 
‘=-—._ 116 — 15 tan (H — o), æ; = ——~{—16—15 tan (H + w), 
ال سه‎ G-e), a= لاچ‎ 6-15 tan (H 9) 
غه‎ 8 
پا‎ = NIE sec (H- w), Js = NIC sec (H + w), 


where, in regard to this angle w, it is to be observed that it represents the angular 
distance from the ecliptic along the separator to a point B, or what is the same 
thing, the complement of the angular distance on the separator, of the points 
A and B. We have, in fact, a right-angled spherical triangle ZAB, 2Z= 60^, 
ZA=90°, ZA = 60^ whence sin 60° = tan AB cot 60°, that is, tan AB = sin 60° tan 60^ — 3, 
or AB — 90° — w. 

Hence, H = + 905, the orbit-pole is on the ecliptic. H = + (90° — œ), it is at a 
point B (the intersection of the separator by one of the other two separators), and 
H =0, it is at the point A on the separator. 

The foregoing values of (wy, yx) satisfy the equation 

254? = 39a? — 32a 3 + 37, 
and similarly the values of (xy, y,) satisfy 
254? = 39a* + 322 V3 + 37, 
results which would be useful for the delineation of the planogram. 


107. As regards the equation of the orbit we have = to, and consequently 
= + r= Or, if for convenience 0 be written to stand for +1. The equation of the 
orbit then is 


0= T F x ; d 1 " 
0 E 0 


> 


r, (3 cos H + 2 sin H), x 6 cos H —sin H), 3, 3cosH+2sinH 


r, (8 cos H — 2 sin H), Jg C 6 cos H — sin H), 3, 8cosH—2sin H 
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that is 
— (rð — x') 12 sin H = 


1 
y ls (36 cog H + 4 sin? H) — 0r, (9 cos? H - 4 sin? H) + 0r, (9 sin? H — 4 cos? 可 | 


— 123 cos H + 30 (3 cos H + 2sin H) r, — 30 (3 cos H — 2 sin H) s, 
where 
ø د8‎ cos? H — 4 cos H sin H + 28 sin? H 
7 3 cos H + 2 sin H : 


m 421 cos? H + 4cos H sin H + 28 sin? H 
2 3 cos H —2sin H ; 
Hence, writing tan H=), and therefore sec H — ۷1 + ۸°, which determines the sign 
of V1 +۸°, and moreover 
R,=V21— 4042822, R= 21 + 4X + 28 XP, 


and thence also 
(3 + 9)ne R, (8-23) n Ry, 


which last equations, since 7,, 7; must be positive, determine the signs of the radicals 
R, R;; the equation of the orbit is 


= 40 43 +R, ÆR; 


r= Oa’ + J ls (36 + 402) - (3 — 2) Ra + (3 + 2%) Rh + ÁX 


12. V1 + Xx W3 
where @ it will be recollected denotes +1 or — 1 at pleasure. 


108. I remark that 0—--1 and @=—1 may be considered as belonging to 
positions of the orbit-pole indefinitely near the separator on the opposite sides thereof 


Fig. 10. 


respectively; the annexed figure represents a portion of the blank spherogram, and 
the two sides of the half-separator A’C’ will be traversed by the orbit-pole, if H 
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extend from 0° to 90°—@ (=56°19’, value at B^ and thence to 90°, 0=+1 belonging 
to the side marked + in the figure, and 0— —1 to the opposite side. But the same 
result may be stated, more conveniently, in reference to the blank spherogram, as 
follows: 


H= 0 to H= 56°19’, @=+1 belongs to the outside of AB’, viz. to positions 
within the region of convex orbits, 
0=— l, to inside of AB’, 
H= 56" 19' to H= 90° , 60 +1 belongs to inside of BC’, 
H=90° to H=123° 41’, @=+1 belongs to inside of C’B, 


the last-mentioned values being identical with those for H=90° to H= 56°19’, 0=-1: 
viz. the formula for H =90°+ K, 0=+1 is equivalent to that for H=90°—K, 0=-1. 


109. I consider some particular cases, 


Orbit-pole at A: here H =0 and therefore X—0, R,=R,=V21; the orbit is 
r= Oa! + n (v — 1), viz. it is the right line y — 1 = 0. 

Orbit-pole in the neighbourhood of B. Suppose first H = 907 — w — e, N = cot w — e 
cosec? w = $—12e, 3— 2X, =e, is positive, and therefore R, is positive, and we have 
R,=6, R,= 41۷3; whence the equation is 

j 2 
r= 02 + -l (150-24) -1— —— (04-1 
9419 EV e Fi 
viz. 0 = — 1, this is : 
"=+ + Ny +1, 
and 0 =+ 1, it is 


一 - 4 
r= a! +V13 S.N کے‎ 
24 "TE 
and so secondly, if H=90°—-w+e, X =3+18e, 3—2, ے‎ 12e, is negative, or R, is 


also negative, viz. R,=6, R,——4 43, and the equation is 


4 9 
二 
wd Fi n bos Nh 


viz. 0 =+ 1, this is [5 
r—a!—V 3, y +1, 
and 0=— 1, it is 
وس سم‎ -NRY ++. 
a NE 


At the point B there are thus four orbits: viz. H=—90°-w-—e, 0=+1, and 
H=90°—w+e, 0——1, these are orbits wherein the eccentricity is =V18, = 2:309, 
agreeing with that found for the point B in planogram No. 1, or say for an orbit- 
pole near B in the direction of the meridian; whereas for H=90° -w-—e, 0——1 
and H — 90? -w+e, 0=+1 the eccentricity is V18 = 1-101. 
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Suppose again that the orbit-pole is on the ecliptic, or say H = 90^ —e, 入 = 十 oo， 
R,=2VTr, R,2 —2V1X, and VI+X =), and the equation is 


T (w+ + VE, 


and similarly for H=90°+¢,%=—0, 1-2-۷1, R,-—2WIAX, V1+N=Rd, and the 
equation still is 


r= 0 (ote 2) e 


viz. Ø retaining the same sign, there is no discontinuity in the passage through 90°. 

The eccentricity, whether 0=+1 or =—1, is 25, =1-018, agreeing with Plano- 
gram No. 2. 

110. For the more complete discussion of the eccentricity, we have 

1 سخ‎ 
1447 )1 +29 WS 
The eccentricity cannot be less than 1, which is evidently right, for the point 3 being 


at infinity, the orbit cannot be an ellipse. We may have e=1 (or the orbit a parabola), 
viz. this will be the case if 


@=1+ (9+7) — (3—21) R, + (3 +21) R) . 


E +) — (3 — 2) R+ (3 + 23) R = 0. 


Proceeding to rationalize this equation, we have first 
(3 — 20)? R? + (3 + 22)? R? — 1$ (9 + V)? = 2(9 — 40’) RRs, 


viz. substituting for R, R, their values 1 — 4X +282? and 21 + 4% + 2822, this is 
found to be 


2 (9 — 422) V (21 + Ead 16 1? = — 54 4-336 X? + 298 2; 
or, what is the same thing, 
(9 — 442) ۷3969 + 3384 X? + 784 M = — 81 + 504 X? + 104 XM 
whence, squaring and reducing, we have 
432 (448 — 248 Xë — 819 14 + 162 X? + 729) 20; 
or, what is the same thing, 
432 (X? + 1) (445 — 252 14 — 567 X? + 729) — 0, 
or, finally, the condition for a parabola is 


4۸° — 252 At — 567 X? -- 729 — 0. 
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111. I stop to remark that this equation may be obtained differently, as follows. 
Since the point 1 is at infinity on the axis of a, this line will be the axis of the 
parabola; or the equation of the parabola will be 

— P + 40892 + 4a? — 0, 
and we have therefore 

— y? + 4ax, + 4a? = 0, 

e Ys 十 4025 十 4a? 一 0, 
that is ` 

l : 4a : 4? = t — 3 : ?ل‎ = Ys? : — Y? Ly + YF Xo, 
and therefore 
(y? — Y?)? = — 4 (a — 2s) (Y Ls — Ys? La) 

as the condition for a parabola. 


But the values of a, Yz; وه‎ Ys, ante No. 104, introducing X in the place of H, are 


nai او‎ 64A 
1454/9 + GALLS ~ UNS (OS 9x" 
_ - ۳ 1٨ 
Js 349. 7 957 UG ASK P 
and thence 
اس‎ Odeo dae 
2310 S La 
216A (1 + X) 
ES SR hea: ot شوه‎ a هداد‎ 
Y2 Ys (9 — 42)? 1 


_ 36 (L+ v)(9 =X) 
RP ټون ور‎ 


2 
= 


and substituting these values and omitting a factor cea the result is 


243۸2 (1 +A? 1 | 
9 EAD = (9 + V) (9 — Ð), 


viz this is 
(4X? — 9) (14 — 81) — 24322 (1? + 1) = 0, 
that is , 
4۸° — 25214 — 567X? + 729 = 0, 
as before. 

112. The equation considered as a cubic equation in A? has its three roots real, 
but only two of them are positive; viz. there is a root not very different from 1, and 
which is easily approximated to by writing A? =1 — w, this gives 

4a? + 2402? — 10682 + 86 = 0, 
C. VII. 59 


www.rcin.org.pl 


466 ON THE DETERMINATION OF THE [476 


or nearly = +f, =°'08; a second approximation gives -ه‎ ۰08092 or we have A?-— 9198, 
۸ ے‎ 0592, whence H = 43°49’. Substituting in the equation 


= (9 + 432) — (3 — 2n) Ry +(3 + 20) R,— 0, 


this will be satisfied by 0— —1, viz. the parabola belongs (as it obviously should do) 
to a point of AB’ within the triangle BB'B". 


To obtain the other positive root we may write the equation in the form 


14175 182325 
Non {EDIN Te 


A= 63+ 


the approximate value A?— 63, gives more nearly A? = 65 and then 


14175 4 
65 4295 ˆ 


whence \?= 8:073 or H=82°56’. Substituting in the equation 


= 63 + = 0517, 


(94-439) — (8 — 23) R, + (8 +20) R, = 0, 


we have 0=+1, viz. this parabola belongs to a point of BC’ within the triangle 
BBB". 


The two values of e for 0=+1 and @=-—1, are each infinite for 7~=0, and 
they become equal for 入 = œ (viz. when the orbit-pole is on the ecliptic), but 
not in any other case; in fact they can only do so for 9+A?=0, or else for 
(3 — 2x) R, = (8 + 2X) R,, that is, X (288 + 1282?) = 0, viz., A (9 + 4۸°) = 0. 


113. In further explanation I give a diagram of the eccentricity. 


Fig. 11. 


The base AB'C'B is here the broken line AB'C'B' of figure 10: the ordinates 
along the base .AC'(— 90^) of the two continuous curves exhibit the values of e, as 
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given by 0=+1 and @=—1 respectively; the dotted curve on the base C'B(—C'B) 
is merely the upper curve on the base C'B' transferred to the base C'B; and the 
curve composed of the lower curve on the base AC’ and of the dotted curve gives 
by its ordinates the value of the eccentricity as the orbit-pole moves along ABB 
within the triangle B'BB": the upper curve on the base AB’ gives by its ordinates 
the value of the eccentricity as the orbit-pole moves along AB’ on the other side 
thereof, that is, within the convex region. 


The base of the diagram is graduated not for the value of H, but for that of 
the angular distance (or distance in longitude) of the orbit-pole from the point A 
(or A’); viz. this is the angle opposite H in a right-angled spherical triangle, the sides 
and hypothenuse of which are 60°, H, c; writing 6 for the angle in question we have 


2 2 入 
cosc=4cosH; ta = J اسان‎ 
à MET de "E 
and any position of the orbit-pole on the separator may be conveniently laid down by 
means of this angle 8. The values of 6 corresponding to the before-mentioned values 
۸ —:9592 and X = 8:073 are 8 — 47^ 54’ and 8 = 83° 53’ respectively. 


Article Nos. 114 and 115. The Spherogram and Isoparametric Lines—G@eneral 
Considerations. 


114. We first construct a blank spherogram, as already explained (and see also 
Plates IV. and V.) viz, we draw on the stereographic projection a hemisphere—say 
the northern hemisphere: the meridians being radii and the parallels of colatitude 
circles with the pole as centre; the parallel of 60° is the regulator circle, and the 
separators are great circles touching this at the points A, A, A, in longitudes 30°, 150°, 
270° respectively; the separators intersect in the points B, B, B, in the northern hemi- 
Sphere, and they are produced to meet again in the points B, B, B, of the southern 
hemisphere; but instead of taking the whole northern hemisphere, we omit portions 
thereof, and take in the opposite portions of the southern hemisphere; the spherogram 
being thus bounded by portions of the separator circles, and consisting of the inner 
spherical triangle B, B, B, and three surrounding triangles B, B, B. The inner triangle 
contains the regulator-circle, touching its sides at the points A, A, A respectively, and 
dividing it into’ an inner circular region and three surrounding regions A, B, A; these 
last are the loci in quibus of the orbit-poles which correspond to convex orbits; and 
to mark them off from the other regions, it is proper to shade them in the sphero- 
gram. Excluding them from consideration, we have the inner circular region and the 
outer triangular regions separated off from each other by the shaded regions, except 
at the points A, where these are thinned away to nothing. The points A are positions 
of the orbit-pole for which the orbit is indeterminate ; and consequently any parameter 
belonging to the orbit is also indeterminate. Hence the isoparametrie line for any 
given value of the parameter will always pass through the points A; that is, all the 
isoparametrie lines will pass through these points, which are thus points of connexion 


99+-2 
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between the inner circular region and the three outer regions, but it must be recol- 
lected that for certain given values of the parameter, the points A may be isolated 
points on the isoparametric line. 


115. It is sometimes necessary (more particularly as regards the Time-spherogram 
and isochronic lines) to distinguish from each other the several points A and B; and 
for this purpose I consider the several points, as situated in the spherogram, to be 
accented in the following manner: 


Br B B 
A A 
p? A " D" 
BY 


so that the inner triangle is B’B’B” and the outer triangles are BB'B", B'BYB” and 
B" BYB” respectively; this distinction has been already partially made in Fig. 10. 


Article Nos. 116 to 122. The e-spherogram and Iseccentric Lines. See Plate IV. 


116. Constructing a blank spherogram as above, we may from the tables for 
planograms Nos. 1 and 2 lay down numerically the values of the eccentricity at the 
several points of each meridian for the 'ongitudes 0°, 30°,..330°, viz. 


LONGITUDES Planogram No. 2 shows that e increases from 0 at 
0^, 60°, 120°, 180°, 240°, 300°. the centre to œ at 60°, then, 60° to 63° 26’ (shaded 
region), it diminishes from oo to 4:912; on passing 63° 26’ 
it changes abruptly to 1°853; thence diminishes to a 
minimum = ‘628 at -59°, and again increases to 1'018 at 
90°. 
LONGITUDES Planogram No. 1, part 1, shows that e increases 
10°, 210°, 330°, from 0 at the centre to œ at 60°, then, 60? to 73° 54 
(shaded region), it diminishes from œ to 2:309, this last 
value being at a point B, the termination of the sphero- 


gram. 

LONGITUDES Planogram No. 1, part 2, and for values over 90°, 

30°, 150°, 210°. part 1, shows .that e increases from 0 at the centre to 
‘264 at 60° (point A), ‘869 at 90°, and 2:309 at 100° 6’, 
point B. 


It wil be recollected that, although e has the same value, 2:309 at the two 
opposite points B, yet there is an abrupt change of orbit, indicated by the change of 
sign of A (— 4 e). 


117. Planogram No. 3 shows the directions at the points A of the several 
iseccentric lines. Planogram No. 4, if the calculations were completed, would give the 
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value of the eccentricity at the several points of the ecliptic, but besides the already- 
mentioned values 1:018 at 0°, 60°, &c, and ‘868 at 30°, 90°, &c, the only value 
calculated is ‘906 at 15°, 45°, &c. It thus appears that the eccentricity = 1:018 for 
longitude 0° diminishes through 906 at 15° to ‘868 at 30°, and then again increases 
through :906 at 45° to 1:018 at 60°, and so on through successive intervals of 60°. 


118. Planogram No. 5, if the calculations were completed, would give the value 
of e for the are AB within the shaded region (but no values have been found except 
those given by Planograms 1 and 2, viz. e=% at A, = 4912 at longitude 30° from A, 
and = 2:309 at B); and it would also give the value of e for the whole bounding 
arc ABB within the exterior triangular region. We have e=% at A, =1'853 at 
longitude 30° from A, =1 at distance H =43° 49’ from A, 1۰101 at B, and then 
proceeding along the arc BB, =1 at distance H=82° 56’ from A, =1:018 on the 
ecliptic, and, finally, —2:309 at B. The two values e=1 are very important, as will 
presently appear, with regard to the parabolic curve. 


119. It is now easy to trace the form of the iseccentric lines. 


e=0, the curve is a point at the centre, and for any value less than ‘264 it is 
a trigonoid form surrounding the centre, the maxima radii being directed towards the 
points A. The points A belong as isolated points to all these curves. 


e='264, the curve is tricuspidal, having a cusp at each of the points A. The 
numerical values seem to show a singularly blunt form of cusp (the points A are, in 
fact, not ordinary cusps, but singular points of a higher order); but the data do not 
enable me to draw with certainty the precise forms of the arcs between the three 
cusps: the wavy form was drawn purposely, but there is no sufficient evidence for its 
correctness, 


120. It is convenient to pass at once to the case e=1, or say the parabolic 
curve, locus of the orbit-pole when the orbit is a parabola. This is a three-looped 
curve cutting itself (having a node) at each of the points A; and it appears from 
planogram No. 5 that each loop touches at four points (two points, H = 43°49’, and 
two points, H = 82° 56’), the sides of the bounding triangle BBB. The loop thus divides 
the triangle BBB into six regions, viz. one within the loop, two subjacent, two lateral, 
and one superjacent. 


For any value between 6٥-264 and e =1, the curve is a three-looped curve inter- 
secting itself at the points A, and such that the loops lie wholly within those of the 
parabolic curve, and the remaining portions between the parabolic and cuspidal curves. 


121. For any value of e>1, we must imagine a three-looped curve intersecting 
itself at the points A, the loops respectively containing those of the parabolic curve, 
and the remaining portions within the regulator-circle lying between the regulator-circle 
and the parabolic curve; and we must then obliterate so much of each loop as lies 
in the shaded regions, or outside the spherogram; viz. instead of a continuous loop 
there will be thus a broken loop with detached portions thereof in the subjacent 
regions, the lateral regions, and the superjacent region respectively. More precisely 
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this is the form for any value of e from e=1 to e= 1101, but for this last value the 
unobliterated portion for each lateral region evanesces; for any value of e between 
€— 1101 and e= 2:309, the unobliterated portions lie wholly within the subjacent regions 
and the superjacent region; for -ه‎ 2:309 the portion within the superjacent region 
evanesces; and for any greater value of e the unobliterated portion lies wholly within 
the subjacent regions, the loop being thus a mere fragment. 


122. The iseccentric curves within the shaded regions form a distinct system: such 
curves belong to the values e= 2:309 to e=%, and any one of them is a fragment 
of a three-looped curve intersecting itself at the points A, obtained by obliterating so 
much of the complete curve as lies outside the shaded regions. But it is perhaps 
better to disregard these curves altogether, thus in effect excluding the shaded regions 
from the spherogram. 


Article Nos. 123 to 143. The Time-spherogram and Isochronic Lines. See Plate V. 


123. We construct a blank spherogram, and lay down upon it the parabolic 
curve; we may then lay down (as will be explained) the numerical values, say of the 
times T, but in order to gain some idea of the form of the T»-lines I will first 
consider the question in a more general manner. 


194. When the orbit is a line, parabola, or hyperbola, we may distinguish it by 
the letters L, P, H accordingly; and by the numbers 1, 2, 3, written in the proper 
order, show the arrangement of the three points on the orbit; observe that if 1 be 
the middle point on the orbit, we may write indifferently 213 or 312, and so in other 
cases, the fixation of the middle number is alone material When the orbit is a line 
the distances of the points are always finite; and if the orbit be, for example, L 123, 
then T and T, are each = 0, but T, is non-existent. For the parabola and hyperbola 
the distances are in general finite; but it is necessary to distinguish for the parabola, 
eg. the case P123 where an extreme point, and for the hyperbola, eg. the cases 
H 123 and H i23 where one or each of the extreme points, is at infinity. We have 
in these cases respectively 


79128: T, finite, T finite, aiias Ge 
P 1923, T5529 T finite, T4, = 0 
and it may be added, as regards P195 ciah. by a continuous change of the parabolic 


orbit the point 1 may change over to infinity on the other half-branch of the parabola, 
or the arrangement become P 231. And, moreover 


H 123, لا‎ finite, T.., finite, T, non-existent. 
H 123, T=, Ty finite, T, non-existent. 
H 123, T= رټ‎ T= 0 T non-existent. 


Thus the proper symbol L 123, 7123, &c. as the case may be, will always at 6 
indicate as to each of the times T, Tx, Ta, whether this is =0, finite, infinite, or 
non-existent. 
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125. We may without difficulty attach to the several portions of the regulator, 
the separators and the parabolic curve, to each portion its proper symbol L, P, H 
and 123, 123, &e. as the case may be. 


First, as to the regulator, it is obvious that this is separated by the points A 
into the three portions £213, £321, £132, respectively. And inside the regulator, 
adjacent to these, we have portions of the parabolic curve P 213, P 321, P 132, 
respectively. 


Again, for one of the separators, say B'"B'AB"B* (see here and in all that follows 
the notation-diagram, No. 115); since the point 2 is here at infinity this must be at 
every portion thereof either H132 or else H312. The point BY is H 132 and the 
point B’ is H 312; consequently, as the orbit-pole passes along the separator from 
BY to B', the symbol is at first H132 and at last H 312; the transition takes place 
at the point of contact of the parabolic curve which is indifferently P132 or P 213. 
(In further explanation of the transition, consider the orbit-pole as passing from 
Bw to B, not on the separator, but indefinitely near it; it can only do so by 
twice crossing the parabolie eurve near the point of contact; the orbit is first H 132, 
or say H 132, then P132, then an ellipse, which when the orbit-pole again arrives 
at the parabolic curve changes into P 312; and it finally becomes H 312 or H 312.) 


126. Again, since, on the two separators through B, in the portions adjacent to 
Bry, the symbols are H 132 and H i32, it is clear that in the adjacent portion of 
the parabolie curve (terminated each way by a point of contact with these separators 
respectively) the symbol must be P132; at the point of contact with the first- 
mentioned separator B'B’AB’ BY, this becomes P132, = P213; and beyond the point 
of contact it becomes P 213, continuing so until it arrives at the next point of contact 
with the separator B'A'B": there is always in the symbol for the parabolic curve this 
change of form as we pass through a point of contact with a separator; and there 
is the same change, when £ravelling along the loop (that is without going inside the 
regulator) we pass through a point A. The foregoing considerations fully explain how 
the proper symbol is to be attached to each portion of the regulator, the separators, 
and the parabolic curve: to avoid confusion, I have abstained from attaching them in 
the Plate. 


127. Imagining the symbols attached as above, it at once appears that, for the 
two portions A'A and AA” of the regulator curve, we have 75,—0; while, for the 
arc .A"A' of the parabolic curve we have 7,;=0. Moreover, Tg can only be infinite 
on one of the separators through .B" and on the parabolie curve; and the symbols 
show that the curve 7, is made up, in a peculiar discontinuous manner, of portions 
of these two separators and of the parabolic curve, as shown by the strongly marked 
line of the figure; we have thus the boundary of certain lightly shaded regions within 
which (as well as within the shaded regions) T, is non-existent; excluding these, the 
remaining regions (instead of a trilateral symmetry) have a symmetry about the axis 
BB”; there are still four regions which may be distinguished as the inner region, the 
axial outer region, and the lateral outer regions; or, more shortly, as the inner, axial, 
and lateral regions. 
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128. The times Te, T4, Ta are calculated, Planogram 1, part 1, for the meridian 
long. 90°, and ditto part 2 for the meridian long. 270°; and in Planogram 2 for the 
meridian long. 180°. As regards these last values, it is easy to see that, in order to 
pass to the meridian long. 0°, the numbers 2, 3 must be interchanged; that is, 
long. 0°, the Tia; 7, ول‎ are respectively equal to the values, long. 180°, 7, T, Ta- 
Moreover, the numbers 1, 2, 3 may be changed into 2, 3, 1, or into 3, 1, 2, provided 
the longitude is increased by 120° and 240° in the two cases respectively; that is, 


Ta long. a= Ta long. « 
= T long. (a + 120°) 
= T, long. (a + 240°). 
129. By means of the foregoing two relations, Tą, for the several longitudes 
0°, 307, 60°, ... 330°, is given as equal to the وا‎ Tos, or Ta, for long. 90°, 270°, or 
180°, that is, to the Ti, Tx, or Ta, of Planogram No. 1, part 1 or 2, or of Planogram 


No. 2. For example, 7, long. 240° = Tı, long. 0° = Ts long. 180°, that is, it is equal to 
the T„ of Planogram No. 2. We thus find 


Long. lal = 
QS SOO Pan: Mo. 2 
dU. سی‎ ele E n nar xoxo ۸ Ob IB NOU. شو ال‎ 


GOS hs Mg » 

QOPI EOE EE له خد ليه هو‎ ie AS لل ۱وا د‎ 1۸۳٤ د‎ EE Ta of Plan. No. 1, pt. 1 
AUN رغ‎ Ti » 

150 ua osi e Mie Mead ho^ don » 

180715 1002 5 

210" 2 Vu C efe Pe AEN, — EE debe و‎ e E RR دل ریدو‎ » 

ys | eRe Mey » 

EI guam. ho ae lee » 

2007 tad won » 

BM oT EUN EA AIR 13 1208 E CAT E pe crt em MD » 


and observing that for Planogram No. 1, part 1 or 2, we have 人 ,= T4, it hence 
appears as above, that the meridian 307—210? is an axis of symmetry of the 
spherogram. In what precedes it has been assumed that the colatitudes only extend 
from 0° to 90°, but in the spherogram they extend for the meridians 30^, 150°, 270°, 
to the colatitude 106°6’, the values for the colatitudes above 90° are those for the 
omitted portions 90^ to 73° 54 of the opposite meridian. 


N.B. A meridian extends from the pole in one direction only, unless the contrary 
is expressed or implied, as in speaking of a meridian 0°—180°. 
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130. I attend, in the first instance, to the axis of symmetry or meridian 30°—210°, 
Proceeding along the meridian long. 30° or towards the point A, the value of Ts 
decreases from 1 at the centre to à minimum = ‘950 at colatitude 11° (call this the 
point X), and it then increases to 1:983 at A, and thence to 58:62 at 90° and مه‎ 
at the parabolic boundary of the axial region. In the opposite direction it increases 
from 1 at the centre to oo at the parabolic boundary of the inner region. The 
minimum value ‘950 on the axis of symmetry indicates a node on the isochronie 
curve; that is, the point X is a node on tlie isochronic 7,,;=°950. This will consist 
of two branches, proceeding from A’, A”, respectively, cutting the axis and each other 
at X, then again cutting at A, and thence passing on into the axial region, and 
respectively terminating on the separator boundary B'AB" thereof. 


131. This curve, which I call the nodal isochronie, divides the inner region into 
a loop, antiloop, and two side regions. On each of the meridians 0°, 60°, the value 
of T, diminishes from 1 at the centre to a minimum which is less, and then 
increases to a maximum which is greater, than :950; the value then diminishes to 0 
on the regulator: on emergence of the meridian from the shaded into the axial 
region, the value is —:909, and it thence increases to oo at the parabolic boundary 
of the axial region; these data further determine the form of the nodal isochronie, 
viz, each of the two half meridians cuts the loop twice, and again cuts the curve in 
the axial region. 


The nodal isochronie, at each of the points A’, A", continues its course into the 
lateral region, returning to the same point A or A’, so as to form in each of the 
lateral regions a loop. Considering the loop as formed of two branches, each proceeding 
from A’ or A", the one which is the continuation of the course within the inner 
region I call the lower branch; the other, the upper branch; and I say that the 
upper branch touches the separator at A’ or A”. The two branches and the entire 
loop lie on the left-hand side (or side away from A) of the meridians through 
A’ or A”. As to the contact of the upper branch of this and other isochronics at 
A’ or A” with the separator, see post No. 142. 


132. It is convenient at this point to consider the form of the isochronic curves 
within the axial region. The parabolic boundary thereof is an isochronie Tg = o, and 
it thence appears that for any large value of Ts the isochronic curve (portion of the 
curve) is a curve not meeting the parabolic boundary, and terminated each way in 
the separator boundary B'AB". As the value of T, diminishes, the curve (which is 
of course always symmetrical in regard to the axis) bends inwards towards the point 
A and for T,= 1:983 (value on the axis at A) the curve acquires a cusp at A. 
I call this the cuspidal isochronic; I remark that it intersects in the axial region 
each of the meridians 0° and 60°. 


As T further diminishes to any value between 1:983 and ‘950, the curve, 
commencing in the separator boundary, passes through A into the inner region, and, 
forming a loop within the loop of the nodal isochronic, emerges through A into the 
axial region, terminating again in the separator boundary. 

C. VII. 60 
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133. On the meridians 90°, 330°, through the points B’, D", respectively, the value 
of T, diminishes from 1 at the centre to 0 at the regulator, where these meridians 
are considered as terminating. 


On the meridians 120°, 300° (meridian at right angles to the axis of symmetry), 
the value of 7, diminishes from 1 at the centre to a minimum less than ‘878, and 
then increasing to a maximum of over ‘895 diminishes to 0 at the regulator. On 
emergence of the meridian from the shaded and half-shaded region on the parabolic 
boundary of the lateral region the value is =o, and it thence diminishes to 1:148 
on the separator boundary B'"B' or BY B". 


On the meridians 150°, 270°, which pass through A’, A”, respectively, the value 
of T, increases from 1 at the centre to 1377 at the regulator, and thence through 
2:255 at 90° to o at BY or BY, 


And finally on the meridians 180°, 240°, the value of Ti, increases from 1 at 
the centre to o at the parabolic inner boundary, and then on emergence from the 
half-shaded and shaded region at the separator boundary B’” A’ or B” A”, the value 
is =o, and it thence diminishes to a minimum under 6'343, and again increases to 
o» at the separator boundary B BY or BBY, 


4 


134. By what precedes, it appears that on the separator boundary BYB’ or BY 
of either of the lateral regions, the values of T, is at each extremity = o, and at an 
intermediate point =1:148; there is consequently a minimum value less than 1:148, 
and therefore two points at each of which the value is — 1:983. 


Now resuming the consideration of the cuspidal isochronic (T, = 1:983) as regards 
the remaining portions thereof, viz, those in the lateral and inner regions; and con- 
sidering first the lateral region تا‎ BVH’, there will be from each of the points just 
referred to on the boundary BYP’ a branch; one (which I call the lower branch) from 
the point nearer B’, passes, on the right-hand side of the meridian through A’, to A’; 
the other (which I call the upper branch) proceeding from the point nearer BY, cuts 
the same meridian, and then on the left-hand side thereof arrives at A’, touching 
there the separator: at A” in the other lateral region there are in like manner an 
upper and a lower branch (situate symmetrically, in regard to the axis, with the upper 
and lower branches at A’); and continuous with the two lower branches there is a 
branch from A’ to A”, through the antiloop of the inner region. 


135. Imagine the given value of T7, as continuously increasing from the value 
‘950, which belongs to the nodal isochronic;, and attend in the first instance to the 
form within the lateral regions. There will be a loop of continually increasing 
magnitude (viz, the loop for a larger value of 7 wil always wholly include that for 
a smaller value); each loop formed by an upper branch, which at .A' touches the 
separator, and a lower branch the direction of which from <A’ is variable. So long 
as T, is less than 1377 (value at A’ along the meridian) the lower branch, and 
consequently the whole loop, will lie on the left hand of the meridian; but when T's 
is =1377, the lower branch touches the meridian, and for any greater value of T's 
lies on the right of the meridian; and in either of the last-mentioned cases the loop 
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is cut by the meridian, and thus lies partly on the left, and partly on the right 
thereof. 


136. Now by what precedes there is on the separator boundary B'B" of the 
lateral region a point where 7}; has a minimum value less than 1:148, and con- 
sequently, for any given value, say for a value between this minimum and 1377, there 
are on 有 Br two points where T, has the given value. These points cannot lie on 
the loop of the curve belonging to the given value (for this loop is wholly on the 
left hand of the meridian); hence the complete curve for the given value of T, will 
include (within the lateral region) besides the loop, a branch uniting the two points 
in question; say a link branch. 


137. It follows that there is between T= 1377 and 1:983, a value (to fix the 
ideas, say = 1:801, it being understood that I do not attempt to determine this value) 
for which the loop and link branch will unite themselves together, the point of 
junction becoming as usual a node; viz, there will be a curve 7,—180? having in 
the two lateral regions respectively the nodes Y, Y'; or say the curve has in each 
lateral region a self-intersecting loop. For any greater value of T, (as for example 
the value 1:983 belonging to the cuspidal curve) there are two branches inclosing the 
self-intersecting loop; for a less value, as has been seen, instead of the self-intersecting 
loop, there is a loop and link branch; at least this is the case until for the minimum 
value < 1148 of T, on the separator boundary BB’ the link branch disappears. For 
smaller values down to Tg = 950, which belongs to the nodal isochronie, there is no 
link branch, but only the loop; and as 7j, diminishes below this value, there is still 
a continually diminishing loop, lying wholly on the left hand of the meridian, and 
with its upper branch always touching the separator; and ultimately for 7,,—0 the 
loop vanishes. 


138. We have attended wholly to the lateral regions; but the consideration of 
the axial and inner regions is very easy: for any value between the values 1:983 and 
‘950, there are in the axial region (between the nodal and cuspidal curves) two 
branches each proceeding from the separator to A, where they unite, and, crossing 
each other, pass into the inner region, forming a loop within the loop of the nodal 
isochronic; and, moreover, there is in the inner region a branch, the continuation of 
the lower branches of the lateral loops, uniting the points A’, A”, and lying between 
the nodal and. cuspidal isochronie. And for T, less than 9350 there are in the axial 
region, between the nodal curve and the separator, two branches, each proceeding from 
the separator to .A, where, crossing each other, they enter the inner region passing 
outside the nodal curve (or in the side regions of the inner region) to the points 
A’, A”, where they respectively join on to the lower branches of the lateral loops. 
Ultimately, for 7,,— 0, the curve coincides with the finite portions AA’, AA” of the 
regulator circle. 


139. We have finally to consider the case T, greater than 1:983: there is in 
the axial region a branch lying outside the cuspidal curve, and extending from 
separator to separator; in each lateral region two branches (lying outside those of 
the cuspidal curve) each. proceeding from A’ (or A”) to the separator boundary B'B'Y 
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or لل‎ BY, an upper branch touching the separator at A’ or A”, and a lower branch; 
and in the inner region, a branch (continuation of the lower branches) lying between 
the cuspidal curve and the parabolic boundary of the antiloop, and uniting the points 
A’, A". In the ultimate case 7,,— oo, the curve coincides with the before-mentioned 
discontinuous curve composed of portions of the parabolic curve and of two separators. 


140. To obtain a comprehensive statement of the foregoing results, we may (as 
in the case of the iseccentric lines) imagine the curves completed and rendered 
continuous by the insertion of portions lying outside the spherogram, or within the 
half-shaded and shaded regions; which inserted portions are to be ultimately obliterated. 
The upper and under branches terminating in the separator boundary of a lateral 
region are thus completed into a loop; the link branch into a closed curve or oval; 
the vanishing of the link branch happens when the oval, on the point of passing 
outside the separator boundary of the lateral region, just touches this boundary; as 
T, diminishes to the value for which this happens, and continues still further to 
diminish, I think it may be assumed that there is some value (to fix the ideas, say 
T,-110?, but I do not attempt to determine it) for which the oval becomes a 
conjugate point, viz, for this value 7,- L10? the curve will have two conjugate 
points (nodes) Z', Z", outside the two lateral regions respectively. 


141. We may now state the forms of the curve. The points A, A’, A", are 
always nodes, viz, A’, A", nodes with real branches, but A is either a conjugate point, 
a cusp, or a node with real branches. 


Tis > 1983: two-looped curve, containing within it A as a conjugate point: 
as T, diminishes, the curve bends inwards towards A, and 
T= 1983: cuspidal isochronic; A, a cusp. 


the curve cuts itself at A, having thus acquired an internal loop: as‏ ,1983 ول 
T, diminishes, changes occur first as regards the lateral loops, and afterwards as regards‏ 
the internal loop; viz, each of the lateral loops is gradually pinched together until‏ 


Ts = 1:80? there are two new nodes Y’, Y", each lateral loop being a figure of 8. 


As T, diminishes the figure-of-8-loop breaks up into a loop and oval, which oval 
continually diminishes until for 


Tıs = 110? the ovals have each become conjugate points, or there is a curve with 
two conjugate points Z’, Z”. As Tj, diminishes the conjugate points have disappeared, 
and we have again à curve with an internal and two lateral loops; but in the 
meantime the internal loop and the branch A’A” are continually approaching each 
other; and, 7,,—:950, nodal isochronic, there is a node X on the axis, The curve 
consists of two figures of 8, each crossing itself at one of the points A’, A", and the 
two crossing each other at the points A, X. 


As T, diminishes, the curve breaks off from X on each side of the axis so as 
not any longer to cross the axis (except at A), that is 
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T.,«:950; curve is à chain intersecting itself at A’, A, A”; viz, from each loop 
there pass two branches, one inside, the other outside, the regulator, uniting themselves 
at A with the branches from the other loop outside and inside ihe regulator 
respectively ; and finally 


T, = 0, the curve is the are A'AA" of the regulator circle. 


142. There is not in the several curves any discontinuity of direction at the 
point A’ or A”: the branch from A within the shaded or half-shaded region, emerges 
at A’ or A” into the lateral region, uniting itself with the upper branch of the loop; 
it can only do this in virtue of its being at A’ or A” a tangent to the separator 
(for otherwise it would cross the separator and regulator into the inner region); 
that is, the continuation thereof, or upper branch of the loop, must at the point A’ 
or A" touch the separator; it has been previously throughout assumed that this is so. 


143. It is to be observed, both as regards the iseccentric and the isochronic 
curves, that there is a real meaning in the obliterated portions; viz, to any position 
of the orbit-pole on such obliterated portion of the curve there corresponds a conic 
determined by means of a given trivector, but which, by reason of its being a convex 
hyperbola, or hyperbola such that the three points do not lie on the same branch 
thereof, is not regarded as an orbit. The obliterated portions have been in the present 
Memoir considered only so far as they present themselves in continuity with the curves 
which are the loci of the pole of a proper orbit, and for the purpose of explaining 
the course of these curves; and the curves completed as above are not the complete 
loci which would be obtained if, instead of the selected conic called the orbit, we 
had considered simultaneously the four conics determined by means of any given 
trivector; such extension of the theory would, it is probable, be interesting geometrically ; 
but it would be devoid of all astronomical significance. 
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Plate IV. 


e-Spherogram. 
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Plate V. 


T5 -Spherogram. 
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